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Chapter 8 \ ^ ' 

coomimms iu k PLAm 

In this chapter we deveiop coordinates as a tool for 
studying geometry in a plana, miB development includes 
a sequence of basic theoremi, the distance formula, 
midpoint .formula, parametrio aquations for a line, the 

"^ShceptV perpendieularity and conditions, 
_ and the use of eoot*dlnates\ln pro ving several theorems 
about triangles and quadrilgtfrals. ■ ' 

We dp not speak of sjmthetic geometry^ (or methods or ^ 
proof s)^rsus coordinate geometry (or methods or proofs)^ 
in this cour^. We hope th^t the students do not get the ^ 
laea that synthetic geometry and coordinate geometry are 
two different kinds of geometry but see^ Instead th^t they 
are ways of studying the same formal geoptry.-^ in this 
course we repeatedly recogniE% two distinct brands of • 
geometry^ (l) the geometry of physical spaoe developed 
through intuition, observation, measurement, and inductive 
reasoning, * and ^ (2) formal' geometry developed as a 
mathematical system which is characterlaed by a list of 
undefined terms, definitions, postulates, and theorems-^-- 
and deductive reasoning. Of course, coordinate methods 
are used in both kinds of geometry. The major objective 
of the chapter is to make the student iee 'that coordinates 
-are a useful tool in formal geometry. 

We prefer not to think of this chapter as an Intro^ 
duetion to analytic geometry. The^ traditional analytic 
geometry course Includes various standard forms of 
equations for lines and conic sections. It emphasizes 
the plotting of graphs and tfie finding of equations of 
curves from, information about their graphs. It :places 
Jlttle emphasis upon the use of coordinates in the formal. 
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development of the elementary geometry of lines, ^riangles 
and ^juadrilaterali^* Why should It? THb students have 
iiready acquired this background before they enter the ^ 
analytic geometry course. However in this chapter the 
use or coordinatei ■ in the' fomal development of elementary 
geometry le emphasised. Thle emphasis is made rather 
indirectly, students see eoordinatee used in the proofs 
of several theorems which are new and (we hope) interestf"- 
-ing to them. We try to impress tha student with the idea 
that sometimes coorMrtiptes shoifl.a be used because they 
make a. proofs easier and that sometimes they . should^ not be 
used since a proof jifithout them may -be easier. ^ ,We ^do not 
.give any general rules as to wheh.it is advisable to use^ 
coordinate methods* We do not give any because we do not 
have any, Our^ message is that ^he process of "finding a 
proof "^should inclm4e a consideration of the possible use 
of coordinates* - { 

^ . Your geometry students have a bacicground which 
provides them with a strong sense of relationships among 
nmbers. This course takes advantage of that background 
and strengthens it^- A doordlnate ^system on a line is an 
id^a which evolvet eas.ily from the notion of a niimber 
line i' a simple Extension yields coordinates in a plane. 
The students' concepts of a line and of a plane are 
enhanced by the Introduction and use of coordinate 
systems * . 

A review of coordinate systems on a line is Important 
for the work of this chapter. ' Your students should have 
no difficulty in sieeing that the x-coordlnate system and 
the y-coordinate system are examples of such systems. 
L^ter, in the development of parametric equations for a 
lihV^ a clear understanding of the relationship between 
a point on a line and the value of k associated with 
the point depends upon a clear understanding of the 
concept of a coordinate system on a line. 
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The introductory remarke in the firit paragraph are 
not meant to be a definition. Not all one-to-one corre- 
spondences which have the properties glve,n here .are 
coordinate systems on a line* The definition is, in. 
Chapter 3. ^ 

The purpose of Problem Set 8^1 is two-foldi to 
review the notion ^of a coordinate syptem on a Tine and to 
motivate the desirability of having ordered pairs (or 
triples) of numbers as coordinates. 

The unit-pair of points need not, of course^ lie in 
the given plane. In the last part of this chapter we 
encourage the students tq( set up an xy-coordlnate system 
which will fit the problem. This means that there is 
consj^derablf freedom in locating the x-axis and t"he 
^ y-axis. But for our work there se'ems to be no advantage 
In changing the unit of distance, and so we think of it 
as fixed throughout * ^ 

Some students may feel that our definitions "of, 
horizontal and vertical vlolat4 the usual meanings of 
these words, it Is convenient to have two words lihlch 
have the precise technical meanings which we have given 
to the words horlzo/ital and vertical, ^nd 'it seems 
Advisable to use f4millar words whose non-technical 
meanings have a relationship to the technical meanings we 
want . 



llthough we usually label points in QX with their 
x-^^dinates and points in ^OY* with their y--coordinates, 
itfshould be made clear that every point In *0X* has an 
x-coordlnate in the x-coordlnate system^ and an 
x-coordinate In the xy=-coordlnate system. Of course 
these cpordlnates are the same. A similar statement 
applies to every point in *0Y*, When we speak. of the 
coordinates of a point, we are referring to its 
^.x^doordlnate and Its y-coordinate in the xy-coordlnate^. 
system. ' Some may prefer to label points on the x-axis 
and the y-axls with their x 'and y-coordlnates written 
as ordered pairs . 

. ■• s ' 
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(0,0) (1,0) (1,0) X 
COrO / 

(0^2) 



The statement that there is. exactly one vertical line 
through P followe from the following considerations* 
The x-axle is defined to be the line in a given plane 
whiGh is perpendieular to the y-axis at point 0 . Its 
existence and uniqueness follows from TOeorem. 4-21, In 
the general case, Tlieorems 4-21 and 5^11 assure us of the 
exiitenoe and uniqueness of lines through P parpen- 
dicular to the axes, \^ 

Our definitions of the x-coordinate and the ^ 
y-coordinate of a point P are y&tated in terms of lines 
thrDugh P which are perpendicular to the y=axis and 
the j^axis^ irespectlvely , We could^ of course^ have 
worded these definitions in terms of the lines through P 
which are parallel to the and the y-axis. For the 
purposes of this course neither wording has any obvious 
advantage over the other. In other courses where 
"obligue coordinates" are IntroSpcedj the definition of 
the coordinates is most naturally given in terms of 
parallel lines* 

In this course the concept of our ordered pair 1^ not 
defined/ Most of the students have been'^ntroduced to 
ordered pairs of numbers in their study of elementary 
algebra* Just as the notion of a set Is taken as a basic 



term whiah we do net define^ io ordered p^lr Is taken as 
an undefined phrase. In thii course parentheseii as In * ,* 
1(5^8) > are-used for "ordered pairs" of elements, while 
bfaces, as in (SiS) ^ are used for sets of elements. The 
order of the names within the braces Is immaterial. We 
should like to emphasise here that ordered pairs of numbers 
need not Involve two distinct numbers, ^us i%5) is an 

ordered pair of nuyiber^ ^ * ^ 

f 

i " _ _ ^ 

Some student might ask whether (5, 5) Is an 
acceptable symbol for some set of n^bers. The answer- is 
yes. Indeed, (5i5j and [5) 'are nMies for the s^e set. 
According tb ^^fis definition of equality in set theory, 
A « B meabs that every element of A is an element of B 
and that every element of^ B is an element of A , So 
if A ^ (5.5) and B ^ [5) , then A ^ B , for^the only 
number in A is . 5 j and it is also In B , And the only 
number in B Is 5 , and it is in A , 

♦Ordered pair is not taken as undefined in some 
courses. Indeed, the ordered pair ^ (a,b) , may be 
defined as the set (a, [a^b] } in which the order of 
the members of the set may be altered without actually 
changing }the set itself* We could .lust as well define it 
as [a, {b,a) ) ^ or as ([a^bj, a) , or as [[b,a), a) , 
since these are all namjes for the same set. Let us see. 
how this definition applies in an exampli. Suppose 
A - (5,8) , B«fe (8,5) . Then by definition A ^ [5, [5.8] J; 
B ^ [8, £8,5]} , Since 5 is an element A , but^ not 
of B , it follows that A B . In other wor^s (5^8) 
and (8j5) are different ordered pairs, (Note that A 
and B , considered as sets, do have a cormnon element, , 
since [5,8] - (8,5) .) 

For the purpose of this course, however, it is best 
to use the ordered pair symbol (a,b) without Jny 
reference to the definition in terms of sets, .It Is 
important to understand clearly the concept of equality 
for ordered pairs. Thus, (a,b) - (c,d) if and only if 



b = d .^"^We aould prove thli as a theorem If 
, defined ordered pair in terms of set 9^ Since we do^ 



a ^ c 
we, 

not define ordered pair, we aGcept It ai a definition of 
equality for ordered number paiM, Aeeording to this, 
^finition (3,5) - (3,5) r (2 ^ 1, 5) - (3,5)- , md 
(x,y) ^ (3,5) if and only if ^ x ^ 3 and y ^ 5 Thui, 
(a,b) - (oid) if and oni|^ If a and c are names for 
the BBmm number, and b ^d , d are nMiee for Bmm 
rtumber, ' * 

With regard to uelng ordered pairs as names for point 
it should be clear that any point could flave any ordered 
pair of real numbers for its '"name —provided the xy-ooordi- 
nate system is properly set up. Thus, (0,0) Is th?e name< 
of any point whatsoever^f or any point can be choeen as 



tJie origin of a coordiriate system* But once a coordinate 
systeiTt is set up in a plane v/e may regard It as a "frame 
of reference, and every point In the plane has a unique 
ordered pair of real ntobers as Its name * 

Note our use of "jSlot" and "graph" in this text* 

We use plot as a verb and graph as a noun. In drawing a ^ 

gra^, If the set of points Is unbounded, It Is impossible 

to "show all of the points^ Just as we use arrows- to 

indicate a line, we may use arrows. Jagged edges, or 

written notes to indlcate^the^ inil^nite extent of=^ graph. 
*i 

In the introductory work on plotting some teachers 
may prefer *to use the chalkboard exclusively as a visual ' 
aid* Others may prefer to use a "pegboard" with elastic 
materials of several colors^-say white for t^^^axes. and 
yellow for the graph, , ' 



Thm purpose of Problem Sat 8-2 Is to help students 
"lea^"the QonQepts of --s^ordinatei gBaphs, The number 
of^problems assign&a from this set will vary greatly 
according to the backgroimd of the class. Some itudentSj 
f;or which this part of the course Is largely review, 
should work a few problems In this set , 

,In conneetion with ^eorems 8-1 and 8=2j a possible. ' 
teaching problem might arise in that some students might 
not see the "point" of these theorems. Our Ruler Postulate 
tells us that AB ^ "^^A^ does/not tell us 

that Pft ^ |yp - y^l . The fact Is that PQ - |yp --^y^l 
depends upon *^(l) the definition of the y-ooordinatei of 
*P ajid Q which implies that^ ^ y^ and " ^ 
and (g) the property of parallelograms , which gives ue 
AB ^ Pft , 

Hie two examples used to introduce the Distance 
. FofTmila Involve'^ finding the lengths of- oblique segments, 
^ii^ight suggest that the Distance Formula is used only 
in such cases. However the formula can also be used for 
A^rtlcal and horizontal segments. 

The properties of Jhe y-coordlnate system tell us 

that y^ ^ "I^^A-:^ ^B^ ' ^^^^ ^"^^ " i^^P^'^^Q^ 

needB' proof . In the prodf in the text we s'tert with M 

4 

as the midpoint of 7Z . ^e fact that ^ follows 
immediately from the f acC that M-.. and P lie in tlje 
same* vertical line. The fact that C is the midpoint, of 
^ "follows from a ^edrem on parallel lines cut by 
transversals. Theorem 7^2. ^ 

Theorem 8-9 is, of course, a locus theorem* Although 
the word "locus" is not used in the text it is mentioned 
in- passing in the text in Section 8-6 after the students 
have had some experience with the conceptr To prove the 
theorem we first identify a particular vertical line^ and 
call it m . We then show that m is the set of all 
points in the xy-plane each of which 1ms x-'Coordlnate a . 
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S'^,' " ,We show that every point in m has x-coordinate a 

(Part 1) and that every . points which has x-coor^dlnate a 
As in m fp^rt 2). In other words, "every point in^ m 
has the desired 'property.,, and every point which has the 
. ■desired property Is in m . In the last part qf the-. * 
\ proof^', we show that it is impo&stble to have two, vertical 
' ^ \ * .lines containing A in view of ^the 'Parallel Postmlatg. ^ 

■ ' ' I S^bols are used In mathematics because they ' * 
facilitdte cpmmunication. The statement x > 3 is a 
statement which Is true if x Is ^8 , In elementary 
algebra we may want to find out how old Mary is. The 
ayailable information may Intflude the fact that she is at 
least 3 years old. If we let x denote her age, then 
we write ^ 3 and, using other available information*, 
W9 may -eventually^earn Mary's age. In this situation, 
^ X in the . statement^ x > 3 , stands for one number, 1^ ^ 
another situation we may wish to oonslder the set/of all^ 
real numbers which are greater than or equal to i3 . W^' 
^ use the symbol (xi x > 3) to denote this set. It is d 
good symbol In the sense *'that once we undarstand how the 
s^nnbol is formed we imow what It means without being told. 
What is tHe graph of the inequality x 2 3 ? It depends. 
The sex^builder symbol makes it definite. The graph of 
(x: X > 3) is a ray. The graph of [(x,y)- x > 3) is 
"the union of a halfplane and Its edge. The graph Qf 
((x^y.z)-. X > 3) IS' the union of a plane and all 'the 
points which lie on the same side of it as does the point 

lx\ connection with the subject of equivalent equations 
some teachers may desire to relate Implication with set ' 
inclusion , and "reversible steps" with set equality as in 
the following examples. We state first an implication In 
three different ways. 
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t if £x + 3 = 4x + 13 , , then 3 = ,2x + 13 . 

Using .''A— ♦B" to man "a ±mpl±ea b" : 

[2x + 3 = .4x + 13]__^[3 = 2x +^13 J . V" 

Using "AC B" , 'to' mean -"A la a subset of^B" : 

' , ^ C(x,y). 2x + 3 = 4x + ip^'c r(x,y);'3 = Sx +'13},'''. 

The "reyerse step" is stated three dl'f f erent" ways as 

If 3 = 2x +13 , then 2x + 3 = 4x + 13 , 

' [3 = 2x + i3],_p.[2x + 3 4x 4 13]. . 

ax,y): Q.= Sx + 13] c [(x.y)i 2x + 3 = 4x +' 13] . 

Obmblning the Statement and its converse we can 
write 'the compound statement in three ways: 

2x^+ 3 = 4x + 13 If and only If J - 2x 13 . 

[2x + 3' = 4x + 13] < ^[3 - 2x'+ 13] . 

Cix,y): 2x + 13 = 4x + 13] - [(x,y): 3 = 2x + 13] . 

Another way of= saying that the five equations are 
equivalent Is the following: 

(x- 2x + 3. = 4x + 13] = [x: 3 B 2x + 13] 
• {x: 3 a 2x + 13] = [x: -10 = Sx] , 



2x = -10] = [x: x = -5} 

■i 

or briefly that 

[x: 2x + 3 - 4x + 13) , [x: 3 - 2x + 13} , [x: ^10 
.(x: 2x ^ -^10) [x: X - -5] ap-ft^aj^es f or the^same^^ 
set of numberB. (Anothar nam^' f or this set Is [^5) ) 

If we thlnic of each of these five equations as a ^ 
condition on (x,y) , then the fact that these five 
equations are equivalent means that 

{(x,y)^ 2x + 3 - 4x + 13] , [(x,y): 3 - 2x + 13) , - 

[(x,y): ^10 - 2x) , [{x,y)i 2x - lo] , C(x,y): x - ^5} 

are five name f for the same set of points in the xy^plane. 
Thus two sets are equal if the conditions which define 
them are equivalent. 



In Section 8-7 we develop parametric equatltDns for 
lines., ^ This is not the traditional approach to the study 
of lines using coordinate methods. But we believe it 
a good approach>. The traditional treatment emphasizes 
early in the eourse the relationship between lin^s and 
linear equations/ The student "sees" a lifte as & single 
object of thought when he i^eads, ^ y ^ 3^; + 4 , -The 
present treatment emphasises the concept of a line as a 
^set of points. The symbol 

[{x,y): X - 4 + 2k , y - 5 + 3k , k Is real) 
is, by virtue of the braces and (x^y) before the CQlon, 
first of all, a set of points. And the symbol tells us 
how to get the x and y , coordinates ^of^ any point on the 
line in terms of the number k/"v/hlch has an interesting 
gebmetrical significance. The relationship of x to y 
:ls clearly revealed thr^ough the "middle^' man" ft . Althoug 
the present treatment emphaslEes parametric equations for 
a line^ v/e do include a two-point form and point-slope 
form later In the chapter. 

Just as k^x + ^ B , 3x + 3y - 6 , 5x + 5y - 10 , ^ 
are three equations for the same- line, so a line may be 
represented 'by many different parametric equations. 
Consider, " for example , the line 

(1) P - ((x,y): X - 1 + 4k , y - 2 + 3k , k Is real) . 
Setting k - 0,1 we get (x,y) - (1,2) . (5.5) . the two 
points which yield the equations x - 1 + 4k and 
y ^ 2 + 3k If one applies Theorem 8=11, using 
(x^,y^) - (1.2) and (x^.y^) - (5.5) . Using any two 
distinct values for k other than 0 and il , for ^ 
example, 2 and =1 , we get two more points on the line 
p , and Jslng them in Theorem 8-11 we get another pair of 
parametric equations for p . " ■ 

"I 

Witn^ k ^ 2 we get (x^,y^) ^ (9.8) . = 
Wit^ k - -1 we get (x^jY^) ^ X^3,-1) . 
Then p ^is the line through those two points. Thus, 



4^0 

b 



1^ 



(2) p - X ^ 9 - 12k , y ^ 8 - 9k , v^k Is real] , 

In (l) k is the coordinate of the^ point (x^y) 
In the coordinate system on a line wnlch is determlnad by 
taking the coordinate of (1,2) as 0, and the coordinajbe 
ofs (5i5) as .1 . In (2) k^ is the coordinate of the ' 
point (x,y) In the coordlnate^^ystem on -a line which 1& 
detei-mlned by^ taking the. coordinate of ^^9,8) as 0 and 
the coordinate' of (-^^^-l) ao 1 . 

^ We have motivated Theorem 8-^11 in the text by con = 
siderlng a particular line. The follov/lng proof for tl' 
general case of an oblique line Is included, her^e for 
those v/ho may wish to see it. 



THEOREM, 



If ^Pj^(x^,y^) and ?^{x^,y^ are any two' 



points on an oblique llne^ ,then 



k Is real) 



Proofi: On' ^I'^o the*re is a jjoordlnate system on a 
line In v;hlch the coordinate of Is 0 and the 



coordinate of Pq is 1 i we call this the c=coordinate 
system. Let AB denote the measure of the distance 
between two points " A In P=i Pn relative to the 



- c -coordinate system. Let P be any point in P^ Po i 
let P^'jPpV^P-' \5 the feet of the perpendiculars from 
J fr-j 3 P i respect Ively J to the x-axls^ and 

P^'\iPp'V, P" J be the feet of the perpendiculars from , 

^ P J respective!^ ' to the .y = axis. Since pjerpendicular^ 
to the x=axls are parallel, it follov/s^ if p is distinct 
from P^ and P^ > j that the betweenness relations ^aniong 
Fr^f P -are preserved among S Pq * ^ • ^^r 

example^ Pp is betv/een and. P if and only if P^^' 

Is betv;eeh P-j^ ' and P' , Let k be the c-coordlnate 

s 

of =P . ' ^ ' •' • ^ 
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We Gonsiderri two casesi (l) P is In^ P^P^ } 
(2) .P In thl my opposite^to P^P* 



. (1)' In this^'case k > 0 , k ^ P P (in C) and 

p^p (m c) ' 

\>^ ^i in C) si^i^e 'f^Pg^dn C) =,r . But 
P^P (in C) P^P ' 

?~P^(ln C) ^ ratio of distances is 

Independent of the. coordinate systems used. (See 
Postulate 13.) Also, from the theorem regarding the 
proportionality of segments o^two transversais of three 
parallel lines^ it follows that " - ^ 



P^P P^'P^ P^"P" _ . . V 

, ^1^2 ^1 ^2 ^1 ^2 

But p^'Pg' ^ ^ X J , p^^Pg" - lyg - . 
!^ = ^il |y " r 

TOen k ^ ^ ^1 ^ |y ^ y j . Because of the order 

^1^1 

properties mentioned^ on the previous page^ if x - ^ 0 
then X ^ Xj and = x^ are hoth positive (if pg 
lies to the right of ' J^^) or. both negative (if P^ lies 
to the left of P^). Hance^ in all,.6ases, 




X ^x^ + k(Xg = x^) . 

Similarly, we treat the second qase.* 

(2) If P is in the ray opposite to P^P* , then 

y, p.p (m c) |x = X I 

k <.0 P^P (in C) . , mnd . ^k . p^p. o ) ^ [x^ ^ | 

|y - y^l \ ' ' 
^ |yo = y. I ' 
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If 



X - x-j ^ 0 , then one of the numbers 



2 - x^ ^ '1b positive and the other is 'nagative. 



and 



Hence 



Similar^ly, y ^ + ]c{y^ ^ y^) ^ . 
, It might be helpful J in the case of an obiiqvie llnQi 



P.P. 



to thrnk of three coordinate systems on, a lljie 



i^r ^ 

as follows* 

^(l) The coordinate system In vmlch the coordl^te 
of P-^ Is 0 ^and the coordinate of P^, Is 1 . The 
coordinate k of a. point P tells us v/nether P is in 
PjPg (^'^^sn k > O) or in the opposite ray (v/hen k < o) 
And the absolLite value of that coordinate k is equal to 
the quotient obtained by dividing the distance between ■ 
and P by the distance between P.^^ and , 



(2) The coordinate system in vmich the coordinate 



of P, 



x^ and the coordinate of 



is 



the 



coordinate of an arbitrary point p on P. Po is , 
the x=coordlnate of p . 

(3) The coordinate system in v/hlch the coordinate 



.-Of P^ 



is y^ and the coordinate of P,-, is 



coordinate of an arbitrary point P 
the y- coordinate of P . 



on P^ 



Ie 



The 




; X = I + 3k, y = 4-N, k is real] 

^-153 
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It might be helpful to think of the parametric 
equatione in this theorem In relation to the results of 
Chapter 3 as follows. Using the notation of the previous 
proof It follows from Theorem 3-6 that If 

k > 0 , then w"- , t3 r ^ k If and only if 

^1 ^2 

X - + k(xg x^) and p u^ -h ^ k ^If and only if 

Y - + k(y^ - y^) . From the presint thedram we see 
that If k > 0 , then - k if and only if 



X ^ 4- k(xg = x^"^ and y ^ y^ + kCy.^ - y^). Similarly, ' 

p lip! 

if k £ 0 J then i ^ If only If 

■1 ^2 



p lipi! 



X = x-j^ + "(^2 ^ ^ p-"^Trp-n- - ^k If and only If 

P^P > 
y - y^ k(yg y^) > and y p - - -^k If and only If 

X - x^ -+ k(xg - x^) and y ^ y^ + kCy^ - y^) . 

In discussing the general case of a line it Is 
Important that ke understand clearly the variables involved* 
Thus the symbol 

[(Xiy)! X ^ a + kb , y c + kd , k is real) , 

involves the seven variables, a/ b, d, k^ x, y . For 
each set of numbers a, b, dj (with b and d not both 
zero) , 

[(x^y): x^a+kb,y=c+kd, k is real] 

is a line. It should be clear that 

[(x,y): x^a+kbiy^c+kd^ with a, b, c, d, 

k real) 

is the set of all points in the xy-plane. For If 

19* . ■■ 



(x^,y^) is any point there are real numbers a, b, B; k. 

such that 

^ sl + kb and y^ ^ c + kd , ' 



Just take a ^ x 



1 ^ G ^ , ^ ^ d ^ k ^ 0 



Suppose next that a^ bj d^ k are real numbers* 
V/hat is, the set ^ ^ ^ 

. ^ K^i^yj^ X ^ a + kb , y ^^c + kd) ? 

It' should be clear that this i"s* a set whose only element 
is '*the' point (a kb -+^l<d) * 

V/lien we think of 

{(x,y): X a + kb , y = c + kd ^ k Is real} 

as a line J we are thinking of aj b^ Cj d (b and d not 

both zero) as "fixed/' That is the reason we say b^ 

Cj d are real numbers befare we write the set-builder 

symbol. Also we are thinking of k as "taking on" real 

values. Each value ^'taken on" by k yields a point 

4xjy) on the line. The line is the set of all points 

(x^y) each of v/hlch can be obtained from the equations ^ 

X ^ a + bk j y ^ c + dk using some real number for k, 

(v/e cannot Juggle the a^ b, c^ d j they are fixed fd^ a . 

given line * ) 

_ - 
There are situations where there are still more 

"flavors" among the variables^ specifically^ In situations 

involving sets^ or families, of lines. For example^ if 

x^ and are real numbers ^ then 

((x,y): X ^ x^ + kb , y = y^ + kd , k is real} 

might be thought of the family of all lines through 
(x^^y^) . Each choice of the parameters b and d (not 
both zero) yields a line in the family. Once^ b and d 
are "pinned dovm," each value of k yields a point on 
that line. 
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^Or we might think of tn as a ^ real \number, ,and then 

■ C(^iy)^'x ^ a ^ k , y ^ h ^ ]m. , k is real) 

r might be thought of as the family ^f all lines In the 
xy-plane with slope m . Each choice of values for a 
and b would ylelcj a line of the family (the line with 
slope passing through (a,b) , Orrce^ a and jb are 
fixed, each value of k fields a point on that line, 

V In the text we have not defined parametric equations. 

^^Theprem 8 = 12 stands on its^ om Teet without sucTi a 
definition. But v/e do speak of the equations, yr ^ a + bk , 
y ^ G + dk , vjhlch appear iji the set-bullder symbol as 

^parametric ' equations . Of course, parametric equations 
appear In many places in mathpmatlGS, and there are wia^y 
curves in addition to straight lines which can be 
re p re s e n t e d "o y parametric equations, Th e pa r am e t r 1 c 
equations v/hlch represent lines are pi^eclsely those 
described in Theorem 8=12, Thus/ if x and y' are 
linear functions of k (not both constant) ^ thea the set 
of points (Xjy) determined is a line. To repeat j if 

9 J G, d are real numbers ^ v;lth b and d not both -,^0 j 
then 

X ^ a + bk and ■ y ^ c + dk 

are parametric equations for^ a, line j the variable k Is 
the parameter and the set of all points (x,y) Is" the 
line. For further discussion of parametric equations and 
param.eters see Talks to Teachers, No. 7. 

In this treatment of slopes we avoid the use of 
^dlrected distance. V/e motivate the idea of slope using 
the "rise over ?ram" idea (which Is a non=negatlve over 
positive situation in the physical world). Then we 
define the slope of a line segment in terms of the 
coordinates of the .endpoints of t^e segment. We showi - 
then, that all segments of a line have the same slope^ and 
this permits us to define the slo^Btof a line as we do. 



'Our proof that all segments of a line have the same slope 
does not^ Involve a tacit assumption that the "sign" of 



^Is the same for all choices of tv/o points 



(x^^y^) and (x,^^y^) on a given line. It Is not mathe = 

meat leal ly sound to prove this property by considering ' 
three case^ of non-vertical lines i 

-- • ■ " # , , 

(1) Those paraUel to the' x-axis; 

(2) Those v/hlch ''run uphill/' that is,, those in 



yo 



y-i 



which 



is positive for every choice of tv;o points 



in the line. ■ .' ' 

(3) Those v/hlch "run dov/nhill," that is, those for 

yo ^ y 1 ' _ - - . _ 

v/hich - is negative for everF choice of two points 



in the line. Such a olasslf legation into three classes 
omits J for example those line&^for v;hlch 

— Is positive for some choice of points, [y^^jy^) 



and (x^jy^) f and negative for some other choice. Of 

course, a picture "shows" that if a line is going uphill 
b/rtween- two of its points, then it is going uphill between 
every pair of its points. Pictures convince us that the 
three cases listed ^on the previous page do include all 
lines. Our proof avoids assuming this by capitalizing on 
the properties of coordinate systems on a^line. 



In the proof of " Part (l).of Theorem 8=15, " p and 
q are two parallel lines. Hence, Q and are on 

the same side of line p . If they are above p , then 
h and k are- both posltivej If they are below p ^^then 
h and k are both negative. 

' , In connection with Corollary 8=^15, note that if , A, 

B, C, D, are four points and if m = m then either 

^ ; A B CD , 

AB II c5 or A, B, C> D are co^llnear. ^ To test four 

points A^ D for collinearity we could check to see 

If thfey all have the same x-coordinate , If not, then they 

are oollin^Mr If and only If m ^ m m / 

■ ' H A B BC CD 

In traditional analytic geometry courses, the equation 
in Theorem 8-16 is sometimes called a symme^trlc equation 
for the line in the xy^plane. Although it is not included 
in this text, this result extends easily to symmetric 
equations for a line in an xys^coordlnate system.: Ttfus, 
if P - (x-j^,y^,^^) and Q - (x^^yg.z^) 
Xp - x^ ^ 0 , y^, - y y 0 , 2^ = 0 , then : • 



P^- ^^^^^^^ F=r^ - - ^— 3 . 

. ^2 yg - y^ Zg - . 

I In the proof of Corollary 8=16=1, it is permissible 
to divide by x^ = x^ and by y,^ ^ y^ , since they are 

each different from zero. This follows from, the fact 
that PQ" .of Theorem 8-16 is. En oblique line. 

A working Imowled^^ofr parametric equations for a 
llne^, the equations of the form x ^ a and . y ^ a for 
vertical and horizontal lines, respectively, and the 
equations in Section 8^7 ff., will provide the student a 
good background for working with lines in the coordinate 
geom.qtry of the plane. 

If you are planning to teach Chapter 10 you may v;ant 
to omit this section, along with m.any of the problems in 
the next problem set. In Chapter 10 we prove that two 
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non-zero vectors are perpendicular If and only if the sum 
of the products of bo^^rrespondlns conTponents is equal to 
^ zero; that is. If a-j^a^ + b^b^ ^ 0 . The similarity' 

between this condition and m 'm,-, = ^1 is revealed If v/e 

f Id . " ■ 

^1 ^ top ^ 

note that- - - ^ and - - (a^, ^ O) , 

If you plan to teach Chapter 10 you may also want .to 
omit Theorems 8=22 and 8-24 since tnase are also proved 
as Theorems 10-15 md 10-14 respectively. Actually there 
are many more theorems in Chapter 8 whlGh may be post- 
pone^d^ to Chapter 10^ where they may be proved with the aid 
of directed segments or vectors However you should permit 
your students sufficient practice in the use of coordinates 
In proofs of theorems before presenting them with the' 
vector methods. 

In^ this section v;e Intend to prepare the student 
with some basic ^definitions and theorems concerning 
parallelograms and special kinds of parallelograms . There 
are some good opportunities to use the concept of subsets 
as indicated in the diagram in Section 8-11, It is also an 
opportunity to explore some of the properties of 
parallelograms and special kinds of '^parallelograjns . This 
study is continued in Section 8-^13^ wijere coordinates are 
used extensively as an aid in proofs. In this section 
proofs need not use coordinates. 

In Proor I v/^ could^ of course, mt up an xy- 
^coordinate system so that . A ^ (0,0) , B ^ (b,0) , C - (c^d) 
with b > 0 and d > 0 . The proof given in the text 
could then be modified slightly by omitting several 
absolute value aymliols near the end of the proof as 
follows t 

= I b + c . c I I b i b 

AB^ |b ^ 0| b , 

' DE - iAB , 



The proof with ooordinates of Theorem 8-22 requires 
no ingenuity] just do \^hat comes naturally and there 'is 
the result! * The traditional proof without coordinates 
Is a bit Ingenious. Pgr those of yo^ who do'not recall 
It/ the plan of proof Is as follows: 




f Let F be the point In DE such that DE = EF and E 
Is between D and F . Prove CD ^ , j | FB • 
Then FB - AD , fl | j IB , ADFB Is a parallelogram, 
DF.- AB , I I ffi , and DE ^AB ,m\\W, 

Another proof of Theorem 8=22 ap)Dears In Chapter 10 
on vectors. Some teachers may wish to omit the proofs of 
several theorems which are proved both In Chapter 8 and 
In Chapter 10. But In, the. case of this theorem we have 
used it as an example In Introducing pro'drs v/lth 
coordinates.^ In no case should It be omitted from this 
chapter. 

This section J 8-13 j shows how coordinates are used 
to advantage in producing simple proofs of theorems. The 
subject matter of these theorems was chosen deliberately 
to be parallelograms In order that students might continue 
the study Initiated In Section 8=11, this time with 
coordinates. 

Theorem 8-23 seems to say that a parallelogram is 
detemlned by three of Its vertices. It is in one sense, 
and It Is not In another sense. If A, B, D are the 
vertices of a parallelogram ABCD , and If A^ B, D are 
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Given, then there is one,^, position for = C , If A, C, 
D are the v/rticas of a parallelosr^am, and if A, ra, D 
p^te glvdn, than tliera are three positions ^f or C 
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ABCD is a paralleloei'^vu r^^u^u , AU,-,tjLJ , AJiix:^ 'are 
three parallalograms . 

The topic of trapezoids in SectCon 6 - 1^ is left*' 
almost antirely for "students. For this reason only the 
formal definitions are given with no discussion of theorems 
or proofs of theorems. It is hoped that students v;ill 
carry on their om Investigations either by proposing 
propositions about trapezoids whlcli .could then be proved 
or disproved, or by doing the probler^. in Problem Set 8-14, 
and p^haps thereby possible ^^BwmiB may be suggested to 
them. ^ ^ . 

In setting up the coordinate system vw say that there 
Is a real number a, a 0 , such that A - (-a,0) , etc. . 
Some teachers may think It a digression to Insert a 7^ 0 , 
But this Is needed later in the proof and it seems best to 
insert it early. This- is in keeping with the modern 
emphasis in elementary algebra of specifying the ^domain 
of a variable . 

Acc^^^ng to the text we note that concurrei^t rays 
liar on conciii'rent lines. Be sure, also, to not^ that 
not all rays which lie on concurrent llnes^ ar^'^concurrent . 



' Thm point 3lJ'; ±t in the Interior of each at the 
les of the triangle J hanoa'ln the- interior of the 
angle. It ie^equi^stant from the lines whioh contain^ 
three sidesj It is IR^^^nter of the Ihscrlbed clrele 
of the triangle and is sometimes called the inc enter of 
the triangle , 



IlluBtratlve Tm€t itemi 
Chapter 8 

' / — ^ 

Given. with A ^ (6,2) > B - (-8,7) . C - (2,^4) 

(a) Find the eoordlnatee of D , the midpoint of i 

(b) What iB the slope of 3C ? 

(g) ShQw that IB Iff , ■ ^ 

(d) What kind, of triangle is ABO ? 

(e) Check ^ur answer to (d) by finding/ ' BC ^ and BA * 

(f) Expreaa ^AC* using parametriG equations* " 

(g) Express *BD^ using the two^pdint form, 

(h) Plnd the coordinates of the point of intersestlon 
of the X-axis and ^AC* , ^ /- 

(i) Express the line through B parallel to ^AC* 
nosing the poln*^ftope form. 

(j) FtnA^ 1 i^*^at BCAE is a parallelogram, 
(k) Plnd^f^so that CABP is a parallelogram. 

(a) Find the length of the side of a square who^se 
diagonal measures 12 ^j/ff . 

(b) How long is tha diagonal of a square whose side 
measures 12 4/S ? 

For each of the properties listed below, tell whether a 
"parallelogram having that property is best classified ^ 
as a rectangle , as a r honi bu€ , or as a square . 

(a) Its diagonals ar^ congruent. 

(b) Its diagonals bisect Its angles. 

(c) Its diagonals are perpendicular to each other. 
' (d) Its diagonals are congruent and mutually 

perpendicular. 

(e) It is equiangular, 

(f) It is equilateral, 

(g) It^^^ls both equiangular and equilateral. 



Prove that a parallelogram is a reetangle lf*ind only If 
Its dl^onals are •congruent, 

A = C-l^^ and' B ^ (3^0) . Find the coordtoatee^ ; 

(a) ' AP ^ 3AB and P is In AB*!. 

(b) AP 3AB and P is in 1^. 

c) AP = lOOAB and P ig in AB*", . ' 



11 Aether p is a vertical, a horizontal, dr .an 
oblique line. 

(a) p - [(x,y)^ ^ ."^l.t 2k * y ^ ^ , k is real) J . , 

(b) p - t(x^y)i X W 3"+ 2k , y * 2 + k , k is real} 

(c) p m C(x,y): 3 , y ^ 2 + k^ la rear) V ~: 

(d) p ^ C(x,y)i x + y i 71 * ^ ' 



Prove I Itie line containing the median of a trapeEoid 
bisects each of its altitudes. 



In rectangle ABCD , AB ^ 20 , BC * Ig 



If P is in AC and BP X Ic / find 



Chapter 9 ; 

' IN SPACl . 

The main objectlveSf this chapter is to help the 
^ItuHSnfr develop his coneepts of spatlai relationships. 
Ve want him to be able to think in terms or three dlmenBions. 
and to be able to visualize and sketch three-dimensional 
conf Igia'ations , 

No attempt has been made to present a completely 
formal approach to space geonrefi'y. We agree with the 
CoiranlSBion Report that there is neither the "time nor is 
there "vlrtiie in so doii^."; mnt the student to 
"discover" the essential space relationships and we. have 
therefore used an intuitive approach In the form of 
exploratory problems. These are follon^d by formal 
theorems, with some deductive proofs Ir^cluded Just to 
convince the student thAt there is nothing very pesullar 
about proofs in three-dimensional geometry. Qae eould 
easily spend a great deal of class time on these proofs, 
but this would not be economical . Most teachers will aim 
for comprehension of the theorems rather than facility, in 
proving them. 

Problems requiring proofs are optional. Those proofs 
not developed in the text have been Included In this 
Conmentary for teacTiers who wish them. 

It is to be hoped that teachers will extend the 
Intuitive'^ sentatlon at the beginning of each section. 
The llffts of exploratory problems are far from exhaustive. 
LikeVlsa, the suggested physical models to be used In 
experimentation. are the most readily available ones--penclis 
paper, books. Many other frequently used aids can prove 
most helpful. These inolude wire coat hangers, thin wires, 
straws, string, cardboard, toothpicks, and balsam wood. 
Standard classroom. equipment such as yardsticks, pointers, 
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and windovr pol« o an serve as eoof demonstration models. 
In addltlpn,, some excellent materials for constructing 
models are available commerclilly from suppliers of 
Bclentlfic and mathemftt.ieal equipment. Models constructed 
by the student are preferred to tho# *eady-ride . 

, . At, the beglnnlns of the first unit. It might be well 
to review rerated propeftlee Studied m the plane it 
will be helpful if the students recall the simple relation^ 
ships mentioned In Chapter 2, and then discuss the 
postulates stated m later chapters which assure them of 
^ the .exigence of Infinitely many pplnts. Refer to the 
Review Problems at. the end of Chaptel S, confeei-nini the 
number of different planes that might contain (a) one. 

^^^^^i-n^ mlr of points, tad (c) a certain set* ' 
or-t^e£_p6lnts. Contrast the answers given at the end of ■ 
Chapter a with aeceptable answers at this point in the = 
development of our logical system. ' 

The set of Exploratory problems Is designed to 
capltall2e..bn, the students' Intuitive Ideas of parallel, 
intersecting, or perpendicular lines and planes. This is 
also ^ opportunity for the students to practice sketching 
figures in space. At this point, the diagrams should be 
carefully checked and, when necessary, the students" should 
be referred to the suggestions offered in Appendix v . ' 

At the beginning ^f Section 9-2, the experirtents may 
be performed Individually or as a class activity. In 
either oase, try to make certain that all of your students , 
have an Intuitive Idea of perpendicularity In space before . 
proceeding to the formal deflnltionB and theorems^'^ y ,^ 
Discussion of a spoked wheel and axle should mak^ \ 
Iheorem 9=1 plausible to the students. Any llni perpen^ 
dlcular to the-axle at the hub must be in the plane of ■ 



the wheel 
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™^OREM 9-3^ Kiare le a ijuilque Una which Is pefpandioular 
to a given plan© at a given point in the plane.* j , 

* Proof s To ^rove this theorem we nwit^ho^^w two 
things I first, that there la at^^j^st one -line perpen- * 
dicular to the given plane at the given pointy and seeond, 
^ that there is no more than one such line* 

% ■ 

To Show the existence of *a perpendicular iine^ let F 
be a given poln't^^ In a given plane ^ and let p be aiyr 
line in ^ which oontains p . Acoordlng to Postulate 24 
■ehere Is a xmiqui plane ^ sa^ ^ , which Is perpendicular 
to p at P . Let r be the Intersection of the planes 

and ^ and let ^ be the line in ^ which is . 
perpendicular to ' r at the point P , / t 




Than ^ is psrpendlcuYar to both p and r , Hence, by 
Theorem 9-2 it Is perpendicular to the plane ^ at the 
point F , as required* 

To show that there Is no other line which is perpen» 
dicular to ^ at the point P , suppose that there were 
such a .line, say ^ » . Let ^ be the plane detemlned 
by ^ and , and let P be the line In which ^ 

and ^ Intersect (Postulate 9)* 
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!nien in the plane both ^ and^' are perpendieulai' 
to p at the ^oint F * But In a giveri plane there Is 
exactly one line whleh Is perpendleular tar a given line at 
a given toint. Henee the aisumptlan of a seaond llne^ 
^ ' p perpendlsular to the' plane ^ at the point F 
leads to a Qontradlotlon and must be rejeoted* in other 
words ^ there Is exaQtiy one line whieh is perpe^dioular 
to the given plane ^ at the given point' F in ^ , 

THIORI^ 9-7 . IP a line intersects one of two distiriot 

parallel^lanes in a slnglp point, It^ intersects the 
other plane in a single point also/' 

Proof i l^t ^ and ^ be two distinct parallel 
plgLnes and let ^ be a line which intersects ^ in a 
single point, say P . Let R be ai^ point in the plane 
not on ^ J and let ^ be the plane determined by 
^ and R * . 
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Now ^ haa the point p in eoTranon with the plane ^ and 
^ the point in eommon with the pl^e >^ , Hence by' 

liieorem 9-6, ^ mmt interseet ^ aod ^ in two paralliel 
V lines, say p andv.* v , respectively, eaoh of whioh is 

clearly differerit from ^ . muB In 0^ we have two 

parallel lines, p and r ^ pne of which, namely p , is. 
- ^j;^ mtfeby , The other line r must also be met by j£ . ^ 

Since ^ meet*- r it e#rtainly meets ^ , as asserted. 

THIOREM 9=8 . If a line is parallel to one of two parallel 
^y^^:.. ' planes. It is^parallel to the other also. 

Pjoof: By hpiothesii, the i line ^ and the planes 
^ and^^ satisfy the conditions that and 

\\ * We wish to prove that ^ \\ ^ Suppose 

^ were not parallel to , Then ^ intersects 
in a single point. Thus ^ , which by hypothesis does 
not intersect ^ in a single point, is distinct from^'^ 
We now apply l^ieorem 9-7 to find that ^ intersects 
in a aingle point. Contradiction! Hence , 

^ / ■ ■ ■ 



^fflOR^ 9-11 * If a plane is perpendicular omt of tw 
distlnot parallel lines. It Is perpfndioular to 
othfer line ,alBo^^^ i,.; ^ * - 

Proof I Let Md be two parallel lines and , 

let ^ be a plane whiQh is perpendloular to one of these 



linei, say 



at the point 



Then by Theorem 9-4, 



^ must also irtterseot In a point, say Lr 





Now at there is, by Theorem 9-3j a .line ^whieh ^s 

perpendicular "to ^ , say * Postulate 25 this 
line Is parallel to , ait' according to the Parallel 
Postulate, there Is a unique line parallel to a given line 
throu_gh a given point, 



Hence, since both and.^g 
are parallel to and pass through , it follows 

and are the s^e line. In other words. 



that and 

Is also perpendicular to ^ , as asserted. 



THEOREM 9jil2* If two lines are each parallel to a third 
line J they are parallel to each other, 

proof I Let mnd ^® llnei each of Which 

is parallel to a third line, b , Let P be any point of 
b and let ^ be the plane which by Postulate^ 24 Is perpen 
dlcular to b at P , Then by Theorem 9-11 j and 
are each perpendicular to ^ ^' - Hence, by Postulate 25j 
they are parallel, as asserted » 



470 



35 



raEO^M 9^3. Given a plane and a point not in ^ the plane, 
there 16 a unique line which psisses through the j^oint 
i^ perpendicular to the plane, - 

. Proof I Let ^ the given plane and let A be the 
given point, not in ^ . Let P be any point in ^ and 
let b be the imique perpendiQular to at P , whioh ia 
guaranteed by •Wieorem 9-3. If b passei through A ^ it 
is the required perpendicular. If b does not pass 
through A > let a be the line parallel to b through 
A which is guaranteed by Theorem 6-3, 





ilien by I^eorem 9'^11> a is also perpendicular to ^ > 
and hence la the desired line. 



So 



However we must still show that there is only one 
line through A whlah is pei^andleular to ^ .-^ To do 
this I let a* be ar^ llna through A which , is perpm- 
dleular to ^ ^en by postulate 25* a» Is parallel 
to b . However, aocording to the parallel Postulate, [ 
J^re is only one line through A iffiieh is p^^llel to 
b , Henoe a' and a art the sme llne^ arid our proof 
Is-eon^lete , . - { ' 



. TOBOREM 9-1^ . There Is a unique plane parallel to a given 



plan^ throu^ a given point, 



Proof i 



be the given plane and let L be the 

given point. Then there 4i a unique line ^ Which passes 
through L and la perpendicular to ^ , Let *^ be the 
plane which is perpendicular to ^ at L . Then by 




^ is parallel to ^ . Moreover 3 

llel to ^ , In faot^ 



there can 



^ f then by 



Tnieorem 9^9? 

be no other plane through L parai^^j. ^- 
if is any plane through L parallel to 

Theorem 9^10^ ^'is perpendicular to ^ \ But by 
Postula;te there is exactly one ^lane perpendicular to 
a given line at a given point , Hence ^if and are the 
sam% planej and our proof Is complete. 
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TlffiOMM 9-15 * If two plwiei mrm each parallel to a third 
plane, they are parallel to eaoh other. 

Proof I Let ^ and ^ be two planes each of whloh 
is parallel to a third plane ^ . l^t ^ be a line * 
perisendiGular to * Ihen^y TOieorem 9-10, ^ is also 
perpendloular to and . Since and ^ are both 
pe rpe ndi c ul ar to A p then by Theorem 9=9 they 'are 
parallel, as asserted. 




Notice the remarks that parallelism for lines and 
parallelism for planes are equivalence relational^ they 
have the the reflexive, symmetric, and transitive 
properties. This feature Is one persuasive argument in 
favor of adopting the Gonventlon that a line or a^ plane 
is parallel to itself* 

TffiQREM 9-17 « All se^ents which are perpendicular to 
each of two distinct parallel planes and have their 
endpoints in the pi ana a have the same length* 

Proof I Let ^ and be twc^d^stlnot parallel 
planes. Let the points and Pg in ^ and the points 

R^^ and Rg in /6 be such that each of the distinct 
segments P^R^ and P^Rg is perpendicular to each of the 
planes ^ and ^ (Theorem g-^lO)* 

\ 
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By Postulate 25, the two lines ^P^^I^ and ^PgRg are 
parallalj hence they lie in the same plane, sp.y ^ . By 
Theorem 9-6 *P^Pg and ^H^R* are parallel* a?herefore 
P^PgRgR^, Is a parallelogram fact. It is a rectangle), 
and hence, by Theorem 6-6, p^R^ ^ ^2^2 ^ asserted. 

Although the theory of projections is important in 
engineering, particularly in drafting, it was deemed not 
necessary to devote a section of the text to this partlcu- 
lar concept, Initead, definitions of the projection of a 
point into a plane arid of the projection of a set of 
points into a plane are stated In Problem Set 9^4, followed 
by some problems based upon these concepts. It would be 
well to precede the asslgranent of these problems with a 
brief discussion of this geometrldal interpretation of the 
word projeetidn* , ^ , 

/ The conventional phrase is to projeo.t a point or 
figure "onto" a plane rather than "into" a plane. We have 
preferred "into," In order to be consistent with mathe- 
matical usage in the theory of mappings or transformations, 
A mapping ip a correspondence which as socfttes with each 
point of a given set S a unique point of a set s» . We 
describe tt^M W saying that each point of s is "mapped ' 
into" its associmted point of S> and that S is "mapped 
into" S' . We say s is "majped onto" S« only when ' 
the whole of S» is involved, that is when each point of 
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S» is the^aisoelated point of eome point of S V Since 
this dlBtlnctlon between "into" and "onto" is quite 
f iTOly established in higher mathsraatios we thought it 
wise to use the appropriate technical tem "into" even^t 
this elementary level. ' ^ 

Review Sect ion 4-13 with the students to recaTl the 
definition of a dihedral angle. Note that we eannot Just 
speak of the imion of two halfplanea, but that we must 
include their GOimnon edge in the \mlon. This is because 
a halfplane does not contain its edge. Similarly^ the 
fatfe of a dihedral angle is def^ined^ not as a halfplane, 
but as the union of a halfplane and its edge, (This la 
sometlmee called a "closed" halfplane to: empjiaslse that ^ 
the halfpleme has been "closed up" by adjoining Its 
bounding llnej In contrast, a halfplane in our sense is 
called an "open" halfplane.) Observe that the inter^ 
section of the two faces is their common edge^ Just as 
the intersection of the" two sides of an (ordinary) angle 
is their corroon endpoint. 

Illustrate dihedral angles by using the covers ^ or 
two pages, of a book. From this physical model, try to 
give the students a feeling for the relative size of 
dihedral angled, bisection, perpendicularity of planes, 
etc . ^ : 

Suggested definitions i Dihedral angles /A-PQ-B 
and ^A«^pQ-B» are vertical If A and A< are on 
oppoBlte sides of Pft , and B and B« are on opposite 
sides op'^PQ*. 

"The interior of dihedral angle Z^-P^^ consists of 
all points which are on the same^ side of AP^ as ^ 

B and are on the same side of plane BF^^KF A . The 
exterior of a dihedral angle consists of all points 
which are not in the interior of the dihedral angle and 
are not in the dihedral ^gle itself. 
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THEOREM 9-20 , If a line is perpendicular to a plane, then 
any plane oontainlng this line is perpendioular to 
the given plane. 

Proof* Let ^QP^ be the line perpendicular to a given 
plane at the point P , and let be any plane con- 
taining *QP^, Let *AB*^ be the intersection of ^ ^d 
and In ^ let PR be the line which is perpendicular to 
'ab^ at P * Since *QP* is perpendicular to ^ ^ the 





r 1 















line AB is also perpendicular to QP . Hence ^ by 
Theorem 9^2, the plane detemlned by ^Qp* and ^PR* is 
perpendicular to "ab* , Therefore £QPR Is a plane angle 
of the dihedral angle ^Q-AB-R * Moreoverj since ^QP^ is 
perpendicular to the plane ^ , it follows that ^QPR 
is a right angle. Hence ^Q-AB-R is a right dihedral 
angle j and is perpendicular to ^ , as asserted* 



THEOREM If two planes are perpendicular^ then any 

line perpendicular to one of the planes at a point on 
their line of intersection lies in the other plane. 



Proof s By hypothesis^ 
^ f Intersecting In *CD*^j 
and ^AB^l^ at B on *CD* . 
We are asked to prove that 
AB lies in the plane ^ 
In ^ i there is a line 
A'B which is perpendicular 
to '^D*' at B , Then ^A^b'^L^ 
at B by Theorem 9-21. 
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JThere fore *AB^ and *A'B* coincide by Theorem 9=3. Since 
A»B lies m plane ^ , lies In^plane ^ . 

Sections 9-6 through 9-9, concerning a three- 
dimensional coordinate systenv are not considered part of 
the minimum course. . Inclusion of these sections in a 
coursa for your students should depend upon the time avail- 
able, ith^e degree of success they enjoyed in Btudying 
Chapters, and the feeling for spatial relationships they 
were able to develop in Section 9-l^hroush 9^5. 

Our treatment of a three-dimensional coordinate 
system is brief, but not rigorous. Rather, it is an 
extension of the concepis of a two-dimensional coordinate 
system as developed in Chapter 8. We have tried to 
capitalize upon some intuitive notions through the use of 
illustrative diagrams. If your students are not capable I 
of doing all of the work, you might use the diagrams and 
charts in Section 9-6 as a basis for an Informal discussion 
of a coordinate system in space, omitting the remaining 
sections , 

Some classes may be able to benefit only from 
Sections 9-6 and 9-7.j Including the distance formula, but 
omitting the description of a line or a plane by means of 
equations,. For classes of superior students, not only are 
all sections strongly recormnended, but the treatment of 
coordinates in space might well be extended. 

This is the first time the students have encountered 
a family of lines presented in set builder notation. 
Remind them that [m^ m || z=axis) reads "the set of ^ 
all lines m such that m is parallel to the z-axlsj' 
Spend some time discussing with your students the pictorial 
representation of the family of linea.jgb 

Using diagrams or physical mode]gp develop with the 
students the concepts siimmarlzed in charts.. A very 
helpful physical model can be made easily from three pieces 
of pegboard. If the pegboard is painted with green slate 
paint and colored elastic is used for lines, the model is 
effective as' well as attractive. Such aids are also 
available comnercially * 



Illustrative Test Items 
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. For each of the following, write + . If the statement 
Is true (true In every case)] write 0 If the state- 
ment Ts false (false In some or all cases), i 

- (a) Given ¥^{2,0,-3) and p^(^2,-5,0) , the 
length%f is , ' 

If a line is perpendicular to each of two - 
dlstinet lines in a plane it is perpendicular 
to the plantf,. 

ITirough a poiftt in a plane only one plane can 
be passed* 

There are Infinitely many lines perpendicular 
to a given line at a given point on the line* 
Q?wo distinct lines perpendicular to the same 
plane* are CQplanar* 

Through a point on a line two distinct planes 
can be passed perpendicular to the line. 
All points that are equidistant from the 
endpoints of a given segment are coplanar. 
In a three-dimensional coordinate system, 
y - 0 is an equation of the yz-^plane. 
Given a plane , a line which Is perpen- 

dicular to a line in ^ is perpendicular to . 
If *AB* and plane ^ are each perpendicular to 
*FH* at point P , then ^AB*^ lies in plane ^ . 
If a plane intersects two other planes in 
parallel lineSj then the two planes are parallel. 
Two planes perpendicular to the same line are 
parallel* 

If each of two planes is parallel to a, line, 
the planes are parallel to each other. 
The projection of a line into a plane is a line* 
Two lines are paraliel if they have no point in 
common p ? . ' 



(p) The length of the projection of % segment into 

a plane is less than the length of^ the segment, 
(q) Two lines parallel to the same plane are parallel 

to each other* 
(r) If two planes are each perpendicular to a third 

plane J they are parallel to one another, 
(s) If a plana bisects a segment j every point of the 

plane is equldiatant firom the ends of the 

segment , 

(t) Through a point not in a plane there is exactly 

one line perpendiQular to the plane* 
(u) If plane ^ is perpendicular to *AB* and 

""aB^I I^D*", then 
(v) A plane perpendioular to one of two perpen-^ 

dlcular planes is not perpendicular to the other 

pland. . ^ ' , 

(w) If plane /Pi is perpendicular^p plane ^ and 

^ABC ' lies in plane ,^then\the projection 

of ^ABC into plane ^ is a segment, 
(x) It is possible for the degree) mVteure of a 

plane angle of an acute dihedral angle to be 90^, 
(y) Given A(4,^3,0) Snd B(-2,=l,6) , the' 

Goordlnates of the midpoint of SB' are 

(1,-2,3) . 

(z) If a line is not perpendicular to a plane j then 
each plane containing this line is not perpen- 
dicular to the plane/ 
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Given In this figure that 
'*HB*j^'^Er,^RB*l'^^ and 

(a) and *AB*^ determine 
ji plane AM , Is 
^BQ* perpendicular^ to 

plane ABK ? * 

(b) Do '^^,'*ra^,'*HB*' 

all lie in plane KBQ ? 
Why? 

(c) There are at most 

different planes deter- 
mined by pairs of the 

' given lines. 

In the figure, plane 
and plane ^ ^ "ab* , 

(a) Is ^ 11^ ? Why? 

(b) Plane ^ Intersects 
' ^ and ^ In *WK* 
and *ftF*, respectively. 
Is ^vnc^l 1*^*? Why? 

(c) If a line m is perpen 
dicular to and 
intersects ^qf*, what 
Mnd of angles does m 
make with *QP^? Justify 
your answer. 

In this figure^ plane ^ 
bisects r5 and ^ ^^RQ* , 
Also RT ^ QT , Explain 
why T lies in plane ^ . 



5* Points A, B, and 
D are not coplanar, 
AAK Is Isosceles 
with AB = AC . 
^DBC is isosceles 
With DB ^ DC . 
F is the midpoint of 
W . In the figure at 
least one segment is 
perpendicular to a plane, 
V^at segment? What plane? 
Justify your answers, 

6. Glven^ ^A^J^ ^ at A , 
^QB^J^ & at B , F is 
a point on *QB^ , Are 
Xj A, P coplanar? 
State a theorem to support 
your conclusion* 

rfr- Given: ^ | | ^ * 
"^^X ^ at A . 

B is in ^ , 
^CD^J^ ^ at D , 

c is in ^ , 

Prove: AC ^ BD , 



The following sets of lines _(m) and planes (F) 
are described In reference to a three-dimensional 
coordinate system, having x, z-axes. By pairing 
those on the left with those on the right, match the 



equivalent a 


ets . 










(a) (m I m 




(r) 






z-axls ) 


(b) [yo,^ 


1 1 yz-plane) 


(s) 




ml 


xy-plane } 


(o) [^l^ 


1 j xy-plane] 


(t) 




^1 


y-axls) 


(d) [m : m 




(u) 






X-axis } 


(e) [m ! m 


WW 


(v) 


(m : 


ml 


y2-plane } 


(f ) t^: ^ 


1 1 xz-plane ) 


(w) 


{m : 


m 1 


xz--plane ] 



Find the point in which the line -m Interseots the 
x2-plane If 



^ ((x, y, z): X ^ 2 + k ,^ y^ 4 - 2k , z ^ 3k , 
k is a real number J 

Show that a ABC Is isosceles If its vertices are 

Find an equation of the line in the xy-plane which 
Is the line of intersection of the xy-plane and the 
plane whose equation is 2x = y + z = 7 [ 

(a) Given points M(6,-2,3j and N(-5,l,4) . Find 
the coordinates of the midpoint p of m . 

(b) Given points A{2,0,-2) and ^ B(x,-l,z) , Find 
X and 2 , so that the midpoint of TO is the 
same point P as In Part (a)* 

Find an equation of the plane determined by the' 
points A(l,2,5) ] B(0,l,6) j C{2,0,l) , 

V Is the midpoint of edge 
RW of the cube shown in 
this figure. 

Proves with or without 
coordinates , that ^ 
VB ^ VF . 
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^ Chapter 10 
DIRECTED SEGMENTS AND VECTORS 

10-1. Introduction , 

This is an optional chapter and should be omitted 
where the ability level of the class or the lack of time 
makes Its omission necessary. For this reason relatively 
few geometrical theorems are proved and no new ones are 
presented* 

The purpose of this chapter is to introduce the 
Student of ibove average ability to another mathematical 
system^ one which has wide application in physios and 
engineering^ as well as in mathematics* Moreover we feel 
that the work in this chapter will help to solidify the 
ideas of closure, coiranutativity, associativityj and the ' 
other properties of real numbers. 

The treatment of an entire set of directed line 
segments as a single entity, called a vector, will probably 
seem an unnecessaiy departure from the common notion of 
directed Jine segments being vectors. However this Is the 
modern concept and we believe that the ideas stressed in 
this chapter will make it easier for the student to proceed 
to a mor% advanced study of vector analysis with relatively 
little difficulty. 

Some of the problems in the problem sets ond in the 
review set deal with the use of vectors in solving 
certain problems of physics. The student does not need 
an extensl background in physics to handle the problems. 
It is sufficient that he taows that when two or more 
forces or velocities act on a body the resultant force or 
velocity can be found, by the rules of vector addition, 
* 
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10-2. pireoted Se^ents ^ 

The main Ideas of this section are aqulvalence of 
directed se^entSj addition of dlrebted se^ent's, and'' 
multipllaation of directed seenents by real numbers, The 
student Is required to translate statements of geometric 
relation into algebrale language, 

% this time equivalence relations, should be familiar 
to the BtudentB, The fact that, directed se^nent equlvalenc 
Is reflexive, syiwnetriG and transitive enables us to 
consider all directed ie^nents that are equivalent to 
given directed segment as a set that is well defined, \ It 
is this fact that paves the way for the definition of a 
vector in Section 3, 

As a matter of vocabulary, ^ it is worth noting that 
directed segnents, which are often InaQOurately referred 
to simply as vectors J ^e sometimes called bound veo^qrs, 
since in a sense they are "bound" to a particular point:^':^ 
as origin. When this tertnlnoloffi?- is used, the entltlea 
which we call vectors are then referred to as free vectors . 
Since it is very conveiiient to be able to denote a vector 
(In our sense) by the s^bol AB , we have introduced the 
symbol (A,B) for a directed se^nent (or boimd vector). 

We have tried to stress that the addition of directed 
segments is not commutative, I^ils may be the students' 
first encoimter with non-conmutative addition and, as 
such, should not be "glossed" over, ^ 

( 

10-3* vectors . 

The main topic of this section is the algebra of 
veofcors as ordered pairs, [p,q] , ^e transition from 
coordinates of points to components of vectors is a little 
subtle and may present difficulty to the student, but 
once the changeover Is made, the algebraic properties are 
easily established. 



Property 3 States iT + ^ It , In^ other worc|g ^ 
plays the role In vector aadition eomparable to 0 In the 
addition of real nianbers. HenOB ^ Is often called the 
Identity element for vector addition. Similarly Property 4 
indicates that each vector has m additive inverse. 



Properties of Vectors 
1, If v" are vectors then u" + ^ is a vecto^, 
2* If u, T, W are any three vectors then 
(u + ^) + "w = + + w) . 

3, There is a vector such that for any u 

u + 0 , ^ 

4. For every vector there is a vector =u such that 

^+ (^) m 0 , 

5* If u'^ iT are any tm vectors then 

lf+v'^^+^ , 

6s If Uj V are ar^r tyi% vectors Eind k is any scalar 
then 

k()f 4- v^) ^ ku + kv" , 

7* If ^ is any vector then )m ^ u when k, ^ 1 

8* If u" is any veotor and p^q are any two scalar s 
then 

(p 4" q)u - + , * 

9. If is any veotor and p,q are any two scalars 
then 

p(qu) ^ (pq)u * 
10. If u is any veotor and k is any scalar then 

ii^i = ik| . 1^ . 
5 a 
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FToof Of li Obvious from dtflnltlon. 

Proof of gi If u - [a,b] , v ^ [c,d] , [e,f] , then 

(u + v) + w - ([a,bj + [G,d] ) + [e^f ] 
^ [a + c, b + d] + [e,f ] ^ [a + c + b + d + f ] 

- [a,b] + [c + d + f] - [a,b] + ([c,d] + [e,f]) . 
Proof of 3i u ^ [a,b] and ^ m [o,0] , l^ien . 

u + O ^ [a,b] + [0,0] ^ [a,b] m u , 
Proof of 4s Let ^ [a,b] , [-a,-b] . ^en 1 

u + (^) m [a,b] + [-a,-b] ^ [0,0] ^ ^0 . 
Proof of 5s Let ^ [a,b] and ^ [o,d] , Thmn 

^ [a + 0, b + d] ^ [g + d + b] 

- [o^d] + [a^b] 

- + ^ , 

Proof of 6 1 Let « [a,b] and ^ [o,d] * ITien 



k(u + = k([a,b] + [d^d]) m k[a + c, b + d] 
^ [k(a + o) , k(b + d)] 

^ [te + ko, kb + kd] « [te,kb] + [ko,kd] 

m k[a,b] + k[Q,d] 

s 1^ + lev" , 
Proof of 7 1 Let = [a,b] , TCien 

ku ^ k[a,b] - [te^kb]. But If k ^ 1 , then 

[to^kb] - [1 • a , 1 * b] - [a,b] , 
Proof of 8i Let ^ [a,b] , I^en 

(p + q)\f - (p + q)[a,b] - [(p + q)a,(p + q)b] 

m [pa + qa, pb + qb] m [pa,pb] + [qa,qb] 

^ p[a,b] + q[a,b] 

m + off ^ 




Jroot of 9i Let u - ta,b] . Wien 

P(q^ ^ p(qfa,b]) = pCqa^qb] - [pqa,pqb] 
^ (pq)[a,b] , 

K-oof of lOi Let [a,b] , ^len / 

1^ m k[a,b] m [to,kb] , 
Thus . j[te,kb]!-v{^2~i^^ |k| + ^2 ^ 

'But |k| * |«| ^ |k| • |[a,b]| « !k|V^Tb2 ; 

10-4, The T^fo Fundamental theorems . 

702 Theorem 2^ One point in this proof la the assertion 

that if 1^ 0^ then k - 0 * The students may have 
trouble following this and therefore we suggest that the 
m following be diseuBsed prior to the dlsoussion of this 

theorem. ^ \^ 

If lo^ ^ ' & .f|tn'fl V 0 then k^ 0 . 

^oof^ t kr^ F means kv ^ "0 ^ [0,0] also v is 
soma vector of the type [a,b] where, by hypothesis, 
a and b are not ^th zero* 

But kv"- k[a,b] - [te,kb] , 

therefore [to,kb] m [0,0] 

and it follows that k ^ 0 * 

^ Incidentally, the ocourrenoe In this proof of both 
the ^ero veotor, 0 >, and the scalar quantity, 0 , 
should be aa:refully:j|oted, and the difference should be 
made olear to the student. 



/ 
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10-5* GeometriQal Applloatlon of Vectors , 

706 (j^g seotlon has two imln topies* The first is that 

veptdrs can be manipulated according to most of the usual 
rules of algebraj the second is that certain problems of 
elementary geometry can be solved by such manipulations. 

Each of the examples is worked out as an isolated 
problem. No hint is given about a general approach to 
any type of problem. However, there is a general approach 
which teachers may want to discuss. Each^ problem can be 
solved by^ 

1* Choosing two dlreote^d line sepfients on non-parallel 
lines, 

2* depressing each of the other directed line 

segments in terns of the ones originally selected ^ 

10-6, The Scalar product of Two Vectors , 

709 The scalar product is often called the inner product 

or dot product. We chose the terminology scalar product 
to emphaBize that the result of this operation is a number 
(or scalar) , However^ great care must be exercised so 
that the student does not confuse the scalar product with 
multiplication of a vector by a scalar. 

To prevent a careless student from mistaking 
J • , a scalar product of two vectors, for x * y , a 
product of two. numbers, we reoonunend that the dot not be 
used for the product of two numbers, if there is a possl- 
bility of confusion. 

The symbol ^ was used to represent the zero vector. 
Students should be cautioned not to use the single letter 
0 to najne a vector as it rmy lead to unnecessary errors. 
Moreover it should be made quite clear that if we have 
u • T ^ 0, the result is a scalar and is different from 
u " kv » 0 . 



H88 



^oof of Property 3* 

^ ^ ^ ' 

Let u « [a,b3 , w ^ [e,d] , ' 

^ akc + bkd ^ (^) 
^ k(ac + bd) 
^ - kCu" * ^) , 

Proof of Property 4. 
Let u - [a,b] 
u * [a,b] * [ajb] 

The scalar product enriches vector algebra to the 
point that It can be used to prove many more geometrlo 
theorems , In Problem 19 of the sariple test questions the 
ptudant is masked to prove the diagonals of a rtiombus are 
perpjBndlcular to one another* liie teaoher may wish to 
present this in clst^ to show an applicatlori o{ the sealar 
product to geometrio proofs, 

^ The student should be made aware of the fact that 
the sc&lar product does not obey the law of closure * He 



might we 1^1 be asked to give other examples viiich do not 
obey the law of closure* Some examples of this ELrei 

1, The product of two negative number^s is not in 
the set of negative ntimbers, 

2* The product of two irrationals is not alvmys 
Irrational, 

3* The region fomed by two triangles with a side 
in common is not always a t^langular-raglon* 



r 





Leaving the world of mathematloi we have. 



Combining two gmias does not always produoe a 
gas. Urdrogen and oxygen may combine to fom 
imter. 
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Illustrative Test Items for Chapter 10 

1. If A, B, 0 am three eolllnear points such that 
B Is batmen A. and C , list all the directed 
line segments they determine, 

2. If A, B, C are the points (4,2) , (3,7) , {-2,1) 
respect ively^- list all the vectors represented by 
the directed se^ente Joining these points. 

3. If t Is [3,7] and t Is [-2,1] find 

(a) "t + ^ . 

(b) a" - b . 
(b) ? • ^ . 

•(d) It| . 

(e) ir-t- tj . 

4. If ABCD li a parallelogram, as Indicated below. 




(a) (A^) & ? 

(b) (A^) A ? 

(c) (DM) * ?^ 

(d) (D^) + (0,1) A ? 

,(e) (D,C) + (C,B) + (B,A) 4 ? 

5. What Is the negative of [-2,3] ? 

6. Wiat iB the vector f Buch that for all v" we 
have V + f = V ? 

7. If a = [2,1] , t = [3.6] , c = [-1,-3] , find 

(a) a" + b" + c" , 

(b) |a"+ b"+ "c I . 



' 8, ^termlnt x and y so that 

(a) {5,6] + [x,y] - [3,2] . 

(b) [-2,3] + [x,y] - [4,5] . 
(0) 15,2} + [x,y] - [0,0] . 

* (d) [9,7] + [x,y] - [14, =3] . 

(t) [^6,-S] + [x,y] - [^6,-2] . 

9t Determine x and" y so that 
x[2,-3] + y[3,=l] - [5,3] , 

10, If ^ ^ [2,1] and ^ [3^6] , find a • b . ^ 

11, If AM ^ MB , must (ATm) ^ (mTb) 
Explain your answer, 

12, If AM,^ MB , must |AM| ^ \m] ? 
. Explitih yoiiT answer. 

13, If a ^ [3,4] and b" ^ [6,8] , 

- (a) ^ express In terms of a ; 
(b) express "a in terms of b . 

14, Determine x and y so that 
[5.6] + r-2,3] + [x,y] - [6,4] , 

15* What conditions must hold for two directed line 
segments to be equivalent? 

16, Show that P(0,0) , Q(6,8) , H(15,l8) and 8(9,10) 
are the ver^^es of a parallelogram. 

17, . Show that P(2,l) , ft(5,3) , R(3,6) , 8(0,4) are 

the vertices of a rectangle. 

18, Show that the line determined by p(6,6) and 
Q(8,0) Is perpendlGular to the line determined by 
R(3,5) and S(9i7) . 

19, prove that the diagonals of a rhombus are perpen- 
dicular to each other, 

20, If ABC is a triangle and D , E are points on 
H and AC respectively suoh that AD - ^AB and 
AE ^ -jAC , prove that TO Is .parallel to W and 

DE ^ ^BC , 
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A N6tf on Chaptare ij and 12 

Thmrm are several adaptations that the teaohar mlght'^ 
maks In using the present text without loss of oontlnulty 
of subject mattar. Four alternate plans are outlined 
briefly for oonalderation by the teaaher, laoh teacher 
should Btu^ the plans earefully md deolde which ona. If 
ar^, is more desirable than the present sequence of the 
text for use with a partlGular cla§s, 

^lan A \ Plan B 



Seotions 12-1 through 12-5 , 

11- 1 through 11-12, 
. 12^6 through 12-9 * 

Plan C 

Sections 11-1 through 11-3 , 

12- 1 through 12^5 , 

11- 4 through 11-8 , 

12- 6 through 12^9 , 
^.^^ 11-9 through 11-lS, 



Sections 12-1 through 12-5 , 
.11-1 through 11-8 , 
12-6 through 12-9 , 

11- 9 through 11-12 ^ 

Plan D 

Sections 11^1 through 11-8 , 

12- 1 through 12-9 , 
11-9 througliHl-12. 



Any one of the above plana may be modified by placing 
Section 11-3 irmediately before Section 11-8* 

Teachers who are pressed for time should consider 
omitting entirely the sections (11-6 through 11-9) on 
polyhedrons, to gain time for Chapter 12. In any case, 
Sections 12-1 through 12-5 should not be omitted. 
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"Chapter 11 
FO^OONS AND PpLYI^RONS 



, miB ahaptar treats the eenvantlonal subjeet 
vof polygona ftjid polyhedrons* Ttim viewpoint is essanttaliy 
that of luelid, and mai^ of the theorems ±n. this ohapter 
have proofs eimllar to the proofs of eorresponding 
theorems in other geometry texts j Howeverj there^ are 
severaJ. differanaes. First, the introduction of the term 
polygonal -region; and second, the stu^ of area by 
postulatlr^ the properties of area rather than by deriving 
the properties from a definition of area based on the 
measurement proeess. Aotually both of these treatmehti 
are Impliait m the conventional treatment. We have only 
brought them to the surface, iharpened, and clarified 
them. After this basie is laid, our methods of proof are 
simple and oonventlonal. However, the placement of topics 
and the order of thmore^B^y differ from the conventional 
sequence^ j 

In the work with polygonal -regions we are restrleting 
ourselvai to the relatively simple case of a polygonal- 
region whose boundary is rectilinear, that is, whose 
boundary le a union of segmente. Our theory for 
polygonal -regions will be extended In a later chapter to 
include more general configurations such as circles. 

Although wp have previously defined polygon, convex 
polygon, anr m interior of a convex polygon (see 
Section 4-12 of text), difficulty arises when an attempt 
is made to define the Interior of a non-convex polygon, ' 
Since any trl^gle is a convex polygon, our definition of 
polygonal -region avoids this difficulty. We merely take 
the simplest and most basic type of region, the. 
triangular-region, and use it as a building block to 
define a polygonal -region* 
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You should also note that have not daflnad region 
as a single wo^rd,, and^ that our use of the term polygonal- 
region differs from the usual mathematical usage i^lah 
requires that a region be connected or "appear In one 
piece." Since our definition of a polygonal-region does 
not require comectlon, we avoid confusion by placing a 
hyphen between the words polygonal and regldh. 

following pictures illustrate three polygonal- 
regions which represent I 

(1) Thm union of two trian^lar-regions .with no points 
in coimnonj 

(2) The union of two trlangularTreglons with one point 
in common J and * 

(3) The union of two triangular-regions with a segment 
in common. 




sconnected .portion of the plane ^ implies that the 
boundary of a polygonal-region is not necessarily a 
polygon. This should cause no trouble j It simply means 
that our theory has broader coverage than the usual mathe- 
matical use of the word. 
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In man^ gtometi^ texts thm theorem BnA eoFollaries 
pertaining to the sum of the measures of the ugles of a 
polygon follow TOeorem We did not Inalude this im- 

terlal In Chapter 6*beaause our primary objeotlve in 
Chapters 1-7 was to develop a sequence of theorems 
essential to the establlstoent of the Pythagorean ^eoremj 
whloh would pettlt us to nmkm early use of a ooordinate r 
system In a plane. This was not essential to that devel- 
opment. Sla^e the theorem on the sum of the measures of 
the angles of a polygon and the subjeat of areas retire 
an understanding of polygonal-regions , we aahleve unity 
of subject matter by treating polygonal-regions, the mum ^- 
of the measures of the angles of a polygon, and the area 
of polygons in the same ohapter* - 

prior to Iheorem 11-1, there Is a set of exploratory 
problems which should help the students understajid the 
proof of this theorem. The &iswers to these problems are 
given below: 



Jftimber of 
sides of 
convex 
polygon 


Number of 
diagonals 
. from A 


Number of 

triangular 

regions 


Sim of measures of 
angles 'of the 
polygon 


4 


1 


2 


2 K 180 ^ 360 


5 


2 


3 


3 K 180 ^ 5^0 


6 


3 


. 4 


4 X'l&Q ^ 720 


7 


4 


5 


5 X l8o ^ 900 


. 8 


5 


6 


6 X 180 * lOSo 


n 


n - 3 


n - 2 


(n - 2) 180 



Sometimes in a mathematlGal dlscuSBlon we give an 
axpllolt daflnitlon of area for a certain type of figure* 
For exeimplej the area of a rectangle Is the number of unit 
squares into which the corresponding rectangular-region 
can be separated. This is a difficult thing to do in 
general tems for a wide variety of figures* Thus the 
suggested definition of area of ^2 rectangle (rectangular- 
region) is applicable only If the rectangle has sides 
whose lengths are integers* Literally how many unit 
squares are Qontalned in a rectangular region whose 




dimensions are ^ and ^ ? The iiswer Is none! Clearly 
the Biiggeated def^ltlen muat ba modified for a rectMgle 
Ifflth rational dimensions. To forrmilate a Bultable 
dej^lnitf an ^when the dimensions are ir^atloiml n\«nber8^ 
for exanple" ^ff and , is still more complioated and 
involves the ^onoept of limits* Purtherniore^ it would 
also be nedassary to define the area coneept for trl^igles, 
quadrilaterals j clroles^ and sb on. The odmplete stu^ 
of area along these lines involves integral calculus and 
finds- its culmination In the branoh of mathematics ealled 
the Theory of Measure* ' » 

Slnee this Is too sophisticated an apprbach for our 
purposes, we do not attempt to give an explicit definition 
of a polygonal -region by means of a measu3^ment process 
using unit squares. Rather we study area in terms of its 
basic properties as stated in Postulates 26^ 27, S8^ 29. 
On the basis of these postulates we prove the familiar 
formula for the area of a triangle. Consequently we get 
an explicit procedure for obtaining areas of triangles and 
of polygonal-regions in general. 

Some remarks ' on the postulates . Observe that our 
treatment of area Is similar to that for distance and the 
measure of angles. Instead of giving an explicit 
definition of area (or distance, or angle measure) by 
means of a measurement prooesSi we postulate its basic 
properties which are intuitively familiar from study of 
the measurement process. 

Postulate 26 is analogous to Postulate 10 for 
distance. The "given polygonal -region-' plays the same 
role as the unit-pair. However, the difference lies In 
the fact that in area we soon restricted ourselves to one 
unit of area, which does not necessitate an additional 
postulate for a change of the unit of area. Postulate 26 
can also be considered an analog of Postulate I6 for 
angles. 
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Poitulata 27. Is analogous to the definitions of 
betwaanntBs for points on a line and betweennass for 
angles. It li a preQlse formulation^ for the etudy of ' 
. »ar^p^ of the vague statement "The whole Is the sum of Its 
parts." ais Bt.atement is open to several objections. 
It seems to mean that the measure of a f l^re is the sum 
of tKa measurer of its parts. Even in this form it is 
not aeceptable, sinoe the terms "figure" and "part" need 
to be sharpened In this context /and it permits the "parts" 
to.overl^ap. Postulate 27 makes clear that the "figures" . 
are to be polygonal -regions, the "fneasures" are areas, and 
that. the "parts" are W be polygonal -regions whose union 
is the "whole" and which do not overlap.' 

In Chapter 3 we Hefined cor^ruence' of segments In^*- 
terns of segments having the same length. Here, our 
situation is different, ,We already have the notions of 
congruence^ and we try to make our idea of area come into 
line with that of congruence. Hence, we formulate 
Postulate 28 which states if two triangles are congruent, * 
then the triangular regions associated with them have -the 
s^e area with respeot to any ^iven unit of area. 

These three postulates se4m to give the essential 
properties of area, but they are not qufti complete. We 
pointed out that Postulate^ 26 presupposes that a unit has 
been chosen, but we have no way of determining such a 
unit, that is, a polygonal-region whose area is unity. 
For example, these postulates permit a rectangle of 
dimensions 3 and 7 to have area unity. 

Postulate 29 takes care of this by guaranteeing that 
a square whose edge has length 1 shall have area 1 
In addition. Postulate 29 gives us an important basis for 
further reasoning by assuming the formula for the area of 
a Tec ^ '-ngle . 

.iCe we are introducing a block of postulates 
concerning area, this may be a good time to remind your 
students of the significance and purpose of postulates. 



are prabise formuiatlSns of the baslo Intuitive. 
Judgirents su^^^^^^ by experience, from irtileh we ^ derive , 
more eomplex prinolples by deduetlve reasoning. 

To make t^e postulates on area more si^lf leant for . 
the students^ discuss the measuring prooess f6r area oon- 
osetelyi .^using BlJfiple figures like reotugles or ri^t 
triangles with integral or rational dimensions. Have them 
subdivide regions Into oongruent unit squares , so that the 
students get the Idea that every "figure" has a uniquely 
determined area nianber ,^-^en present the postulates ms,^ 
simple properties of the area number which OBn be verified 
eoneretely In diagrams. 

The problems In ^^tlon 11-U emphasise the relations 
that exist when a set of rectangles have equal bases , 
equal altitudes^ or equal areas « They are Introduced early 
in the study of area and serve as exploratory problems for 
the development of the theorems in Sections 11=6 and 11-7. 
Similar exploratory problems should be Included in daily 
reviews along with the development of the theorems in 
Section 11-5. 

The formulas for the area of triangles and quadri- 
laterals are developed in Junior high school mathematics 
courses and most of them are familiar to high school 
students. We develop them in rapid sequence so that the 
thread of continuity Is maintained In proceeding from one 
theorem to another* Teachers of superior students will 
probably want to teach these theorems In a single day. 
Teachers who need to use a slower pace will find the 
problems in the Problem Set organized in a sequence which 
will mak^ convenient day by day assigmients relating to 
any specific theorem or combination of theorems. However, 
it would be helpful to students in these classes if they 
would reread the section after all foraiulas have been 
developed in order that they cem more fully appreciate 
the continuous thread of development. 
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Large cardboard models of triangles and quadrlliteral 
should be helpful in demonstrating the varloue theorems in 
this seetlon* Ui^ the figures aooomp^ylng the theorems 
as patterns in Gpnstruotlng the models* \^ — - 

After postulating the area of a reetangle we prooeed 
to develop our fomulas for areas in the foilowing miumer: 
right triangle, triangle, rhombus, parallelogram mnd 
trapezoid. Ihe right trl^gle permits us to work with any 
triangle* This in tuip gives us the maehinery to find the 
area of any polygonal -region by chopping it up into a 
number of trian^^ar regions and finding the sum of the 
areas of these triangular regions. The proofs of these 
theorems illustrate the fact that Postulate 2? is a sort 
of separation theor^m^ in which a given region R is the 
union of the regions and Rg , 

c 

The problems in Problem Set 11=4 following the 
postulate for the area of a rectangle give pupils early 
opportunity to explore the relations that exist for sets 
of rectangles with equal bases, equal altitude, and equal 
area. Students should be given similar numerlGal 
exercises for the trl^:^le and the parallelogram^ and 
questions Should be asked which lead students to make the 
generalisations which are proved as theorems in Section 
11-6, Visual aids such as sets, of cardboard triangle s 
with equal bases, eqwal altitudfes, ? and equal areas should 
help students understand these prSratlons, 

Some of the problems In Problem Set 11-^ deal with 
similar rectangles, A procedure similar to that. used for 
developing the generalizations in Section 11-6 should be 
used in developing the generalizations in Section 11^7. 
By means of student drawings and Informal discussions 
students should come to the following understandings: 
(l) Corresponding linear measurements of similar 
polygons have the same ratio, and (2) Corresponding areas 
of similar polygons have the same ratio as the squares of 
any two corresponding linear measures. 
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In oonventlonal taxts tht area of a rspilar polygon 
"iB dtvelopad in tha ohapter on ciralas. , In order to unify 
tha work on araa of polygona, wa InQluda It at this tlma, 
Hancf^ our daflnltions of eanfcer, radius j apotham must 
ba Indapendant of Inscrlbad and clroimsorlbad olrolas, 
Xhaoi^n 11^8 aarvas aa .a basis for Uiasa daf4nltlona, 

^a work in tha ramalnder of the ahaptar la Inforiial 
in nature. Modela, exparimenta, and axploratory problema 
serve as the basis, for student disoovery of mai^ Important 
thaorema. By this time students should realise that this 
is not a part of our fomal developfnent of gaomati^, b^t 
an ir^ormal extension of two dimensional aoneepts into 
three dimensional space « Students should ba encouraged 
to make models of the regular polyhedrons in studying 
lular's fanous formula and TOieoram 11-19. 

The exploratory problems In Seetlon 11-10 help the 
^ student to dlseover the ideas embodied in Theorems 11-17 

S 11-18, Thmy also help tha student to visualize the 
erence between congruence and aytranetry of models in 
physical world* ^e solutions to the problems are as 
pwsi 

1. 8 I 90 . 

2* Yesi yes J yesj noj the vertex would lie in the 
plane of the determining polygon* 

3. No^ same reason as Problem 2* 

4ir_ No, SMia reason as Problem 2. 

5. Less than 36o , 

6. Yes, 
7* Yes, 
8, No. 
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9. They exhibit a correBpondenoa such that the aerra- 
©ponding Caae armies are congruant, but thay are 
-^arranged In "raversa" order. Common examplas of 
syrmnetrloal modal a In the physloal world are a pair 
of shoes, a pair of gloves^ and the reverse plan 
of a house . 

10* No J yes* 




Theoreme 11-17 and 11-18 are interaeting to students, 
and the proofs of the theorems are aaey to demonstrate to 
the class when large physloal models are used In the 
demonstration. However, the notation in writing these 
proofs beoomei very involved. For this reason the proofs 
are omitted from the text, A sketoh of the proof of each 
is included in the Coiranenta^ for teachers who wish to use 
them in class demonstrations ^ 

Before the details of the Proof of Bieorem 11-17 
can be supplied, you will need two theorems in order to 
establish the following property for triangles: In ^VBH 
^ and AVOH , if VB - VG and BH > GH , then 

m ^BCH > m /QVH . Iltiese two theorems will be designated 
as Theorem 11-17A and mieorem 11-17B. However, many 
teachers may wish to do only Theorem 11^17B in an Informal 
manner and thus avoid a break in the oontlnulty of the 
subject matter, 

/ 
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Prlsme and pyramldg are introduoed and problemi for 

finding the area of tht lateral surfaae and the area of 

'J 

the total surface are ineludad. The voliana of prisms wid 
pyra^dg ^Is ^lieussad in t^a; appendix, . In working- with ^ 
prisms J pyramids, and frustimsj teachers will find that 
large modelB similar to thole pictured in the text will 
be useful In demonstrating theorems and explaining 
problems in the problem seti^^ These models can easily be 
oonstruoted from various media such as D-stix,. balsa wood, 
pieces of wire, and cardboai^,. 

The answers to the experiment In Section 11-11 aret 

1. Perimeter J basej lateral edgej the perimeter of 
the basej the length of a lateral edge. 



^. \ 2, Ye&i the lateral area Is the sum of . the areas 

of the parallelogrMis, each of which has a base 
equal to a lateral edge and the sum of whose 
altitudes Is RB ; right sect Ion* 

Theorem 11-17A , If two sides of one triangle are 
equal reepectively to two sides of another triangle, but 
the measures of the included angles are i^equal, then the 
/sides opposite the unequal angles are unequal in the same 
order, i! 

Proof I We are given ^ABC and ^DEP with AB ^ DE 
AC = DP j and m /_BkC > m , We are required to prove - 
BG > EP * ' 





4. i 
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Consider 0^ so that m ^BAf) - m ^EDP and let 
AP» - DP ^ AC , Then ABAP' - "^EDF by S.A.S, and 
- EF , 

tfThe bisector of ^P'AC Intersects M at G . 
Then BG + GC - BC', and ^AGP = ^AGC' by S,A,S. 
Therefore, P'G - CO , 

mt m + -GP* > BP» by the Triangle Inequality 
Theorem. 



Therefore, BG + GC > EG , and BC > 



IP 



"^^^orem 11-17B . if two sides of one triangle are 
equal respectively to two sides of another, but the third 
sides are unequal, then the measures of the angles 
opposite the unequal sides are unequal in the same order. 

Proof: We are given ^ABC and ^EDp with AB ^ DE 
AC - DF , and BC > EF . We are required to prove that 
m /A > m /D . 

D 





We will use the indirect method to prove m ^A > m 
The possibilities are: 

(1) m £A = m ; (s) m £a < m £d j (3) m /A > m /D 

If f - m , then A AW = aDEP , and BC = EP . 
But BC y EP . Ther-efore m £a > m £b . 

If m /A <m /p , then by the previous theorem 
BC < EP . But BC Is not less than EP , and hence 
m /A. iB not less than m /p , 

Therefore, m ^A > m . 
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Theorem 11-17 , The sum of the measures of any two 
face angles of a trihedral angle Is greater than the 
measure of the third face angle. 

We give only a skjetch of the proof of this theorem* 
Let the given trihedral angle be £v - ABC , Suppose that 
^AVC has the greatest measure of any of the three face 
angles. If we can show that 
m /AVB + m ^BVG > m ^AVC , 
then the theorem is proved. 
Why? 



In the interior of ^AVC , consider the point G such 
that m /AVG ^ m /AVB and VO ^ VB , Since AAVG ^ ^AVB 
we conclude that AG ^ AB • Let H be the intersection 
of plane ABO and ray VC*", Then BH > GH , The next 
step is to show that m ^BVH > m /OVH , and finally we 
conclude that m ^AVB + m £BVC > m £kVC . 

m 

Theorem II--I8 . The sum of the measures of the face 
angles of any convex polyhedral angle is less than 36o_ , 

Proof I We are given polyhedral ^V-P^P^Pg . , . P^^ . 
We are required to prove m /P-j^VPg + j^- Z^gVP^ + * . . + 
m ZV^l < , ^ 
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Let, a ^plane Intersect the faces of the polyhedral 
angle to form section ' ' ^^^^ ^ point "O In 

the interior of %ft2%*''Si draw segments from 0 

to each of the vertices of the polygon. These segments 
form with the sides of the polygon n triangles with a 
corranon vertex 0 , We will designate these triangles as 
the ''0 triangles." Therefore, the s\im of the meajures of 
the angles of the "o triangles" is l80n . 

We will designate the triangles with vertex V as 
the "v triangles," There are n "v triangles." Hence 
the sum of the measures of the angles of the "v , triangles" 
is l80n . 

'In trihedral ^ ^ ^ -^^ ^^^2 > ^ 

In trihedral /Q^ - m ^Q^QgV + m /VQ^Qg > m Z^i^gQa 

etc . ~ ^ 

Therefore, the sum of the measures of the base angles 
of 'the "V triangles" is greater than the sum of the 
' measures of the base angles of the '*0 triangles," and 
the sum of the measures of the vertex angles of the 
"v triaiigles" Is less than the sum of the measures of 
the vertex angles of the "O -triangles." 

But the sum of the measures of the vertex angles of 
the "0 ^ triWjgles" is 360 . 

Therefore, the sum of the measures of the vertex 
angles of the "v triangles" Is less than 36o , or 

m £Pjy^2 ^ ^ ^^2^^3 ' ' ' ^^n^^l < ^^'^ ' 

The volume of prisms and pyramids is discussed In 
the appendix. 



Illustrative Test Items for Chapter 11 



Measure of the Angles of a Polygon . 

Each of the questions or Incomplete statements in 

1 12 Is followed by three or four suggested answers. 

Choose the answer you consider correct, 

1. The measure of each Interior angle of a regular 
octagon is: (a) 120 , (b) 108 , (c) 135 , 

2. If the sum of the measures of the interior 
angles of a polygon is 720 > the number of 
sides of the polygon Is? (a) 8 , (b) 6 , 

(c) 5 , (d) 4 . 

3. If the measure 'of eaoh interior angle of a 
golygon Is 165 , the number of aides of the 

- polygon is: (a) 10 , (b) 12 , (c) 15 , 

(d) 24 . 

4. If the measure of each extei'lor angle of a 
regular polygon is x the number of sides of 

the polygon is: (a) ^ (b) l80(x - S) , 

(c) - 2) , (d) 180 = M . 

5* The sum of the measures of the interior angles 
of a polygon of nine sides Is^ (a) I62O > 

(b) 360 , (c) 1080 , (d) 1260 , 

6. If a regular polygon has ten sides, the measure 
of each exterior angle Is^ (a) 36 ^ (b) ikh , 

(c) 45 , (d) 135 , 

7% If the sum of the measures of the interior angles 
of a polygon is 1620 > the number 0% sides df 
the polygon is: (a) 7 , (b) 9 , (0) 11 , 

(d) 13 . 
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8, If the sum of the measures of sl(|^en angles of 
. an octagon Is 980 , the measure of the eighth 
angle is: (a) 135 , =(b) l4o , (c) 100 
(d) 122i . 

9* Consider a set of polygons of n sides. As n 
Is replaced by greater integers, the sum of the 
measures of the Interior an^es: (a) Increases, 
(b) decreases, (c) remains the same, 

'J 

Consider a set of polygons of n sides. As n 
Is replaced by greater Integers, the sum of tl 
measures of the exterior angles* (a) increases, 
(b) decreayes, (c) remains the same 

11. Conelder a set of regulPr pox^^ons of n sides. 
As n Is replacfd by greater Integers, the 
measure of each exterior anglQ! (a) Increases, 
(b) decreases, (c) remains the same, 

12, Consider a set of regular polygons of n sides. 
As n is replaced by greater Integers, the 
measure pf each Interior angle-. (a,) Increases, 
(b) decreases, (c) rer.ainB the same. * 



B. Area Formulas, 



The perimeter of a square is 20 
area. 



The area of a square 1 

Find the area of the 
figure in terms of 
the lengtha indicated. 



s n 



Find its 



Find its side. 



The base- of a rectangle is three times as long 
as the altitude. The area is 14? square 
inches. Find the base and the altitude. 

The area of a triangle Is 72 . If one side 
Is 12 , what is the altitude to that side? 
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6, In the figure W ^ XY 
and WZ ^ XZ . WX 8 
and YZ ^ 12 , Find 
the area of ^iZXY . 



7* RSTV is a parallelogram. 
If the lower case letters 
in the drawing represent 
lengths J give the area 
of: 

(a) Parallelogram RSTV , 

(b) ASTU * 

(c) Quadrilateral VftUT . 

8 . Show how a formula for 
the area of a trapezoid 
may be obtained from / 
the formula A - i-bh / ^ 
for the area of a / 
triangle * 

9* In surveying field ABGD 
shown here a surveyor laid 
off north and south line 
^NS^ through B and then q 
located the east and west 
lines ^OE^.^W^ and ^AG*'. 
He found that CE ^ 6 rods^ 
DP ^ 14 rods, AO - 12 rods, 
foS^T^ rods, BF m ii rods, 
FE ^ 5 rods . Find the area 
of the field. 
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Comparison of Areas, 



Glven^ ABCD Is a 
trape zoid . Diagonal ^ 
AC and BD Inter^ 
sect at 0 • 



Prove I 



Area AAOD 
Ate a ABOC 




Is a parallelogram with 
In (a) through (e) 



2. In this figure PQRS 
FT ^ TO and MS ^ SR. 
below compare the areas of the two figures 
listed, 

(a) Parallelogram 
^ and ^SftR , 

( b ) Parallelogram 
and ^MTR . 

(c) APNS and ^MTR 

(d) ASm and ^SPR 

(e) AMTR and ^RQT 

MiscellaneouB Problems , 



ABCD is a trapezoid 
CD ^ 1 and AB - 5 
What is the area of 
the trapezoid? 

What is the area 
^f ABCD ? 
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ABCD Is a rhombus with 
AC ^ 24 and AB ^ 32 . 

(a) Compute Its area, 

(b) Compute the length 
of the altitude to 
W . 



Find the area of a triangle whose sides are 
12" , and 15^' . 

ABCD Is a parallelogram with altitude DE , 
Find the area of the pacallelogram if ^ 




(a) DE - 2^ and AB 

(b) AB ^ 10 , AD ^ 4 
and m £a = 30 , 



Find the area of an isosceles triangle which 
has congruent sides of length 8 and base 
^ angles of 30° . 




Coordinates 



The coordinates or the vertices of a tri^gle 
are: A(^2,-3) , B(-4,5) , and C("4,l) , Find 
the area of the triangle. 

The coordinates of the vertices of a quadri^ 
lateral are: A(3,2) , B(0.6) , C(-3,2) and 
D(0,-2) . 

(a) What is the name of the quadrilateral? 
Explain, 

(b) Find the area of the quadrilateral. 

The coordinates of the vertices of ^RST are 
(=5>1) , (-3,-3) , and (4,6) , Find the area 
of ^RST , Hint I The area can be found by 
subtracting areas of right triangles from the 
area of a rectangle* 
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Prove the area of ^ABC Is 
a(t - s) + b(r - t) + q(b - r) 

where A - (a,r) , B ^ (b,s) , 
and C ^ (c,t) , Hint : 
Find three trapezoids In 
the figure , 




Area Relations . 

1. Two Bimllar polygone have corresponding sides 
of lengths 5 and 9 , The area of the larger 
is 567 . What Is the area of the smaller? 

2, If the ratio of the bases of two parallelograms 
iB 2-3 , and the ratio of the corresponding 
altitudes is 3:2 , the ratio of the area* Is 



6. 



Two triangles have equal areas, if the ratio 
of the bases Is 2 and 3 , then the ratio of 
the corresponding altitudes is 

If the side of one square is double the side of 
a given square, the area of the square is 
the area of the given square. 



5* If the side of one square is double the side of 
a given square^ the perimeter of the square le 
- the perimeter of the given ^qtmre . 

Two triangles have equal bases. If t^e ratio 
of the altitudes Is 2-3 , then the ratio of the 
areas is 

If the area of a square is double the area of a 
given square, then each side of the square Is 
a side of the given square* 



8. What is the ratio of the areas of two similar 
triangles whose bases are 3 Inches and 4 
inches? x Inches and y inches? 

9. A side of one of two similar triangles Is 5 
times the corresponding side of the other. If 
the area of the first is 6 ^ what is the area 
of the second? 

10. In the figure If H Is the midpoint of W and 
K is the midpoint of 

J the area of ^ABF 
Is how many times as 
great as t^e area of 
AAKH ? If the area 
of ^ABP is 15 , ^ ^ B 

find the area of AAKH . 

11. The area of the larger of two similar triangles 
is 9 times the area of the smaller, A side 

of the larger Is how ma^y times the corresponding 
Bide of the Bmaller? 

12. The areas of two similar triangles are 225 sq. 
In. and 36 sq. In, Find the base of the 
smaller if the base of the larger is 20 inches. 

Regular Polygons , f 

1, Find the area of a regulai" polygon If the 
perimeter of the polygon Is 36 inches and 
the apothem is 3 inches, 

2* The apothems of two equilateral triangles are 
3 and 7 , What is the ratio of the sides?/ 
the perimeters? the areas? \ 

3. Find the area of a regular hexagon if the 
radius of the hexagon is 10 , , 
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8. What is the ratio of the areas of two similar 
triangles whose bases are 3 Inches and 4 
inches? x Inches and y inches? 

9. A side of one of two similar triangles Is 5 
times the corresponding side of the other. If 
the area of the first is 6 , what is the area 
of the second? 

10. In the figure If H Is the midpoint of W and 
K is the midpoint of 

J the area of ^ABF 
Is how many times as 
great as t^e area of 
AAKH ? If the area 
of ^ABP is 15 , ^ K B 

find the area of AAKH . 

11. The area of the larger of two similar triangles 
is 9 times the area of the smaller, A side 

of the larger is how ma^y times the corresponding 
Bide of the Bmaller? 

12. The areas of two similar triangles are 225 sq. 
In. and 36 sq. In, Find the base of the 
smaller if the base of the larger is 20 inches. 

Regular Polygons , f 

1 , Find the area of a regular polygon If the 
perimeter of the polygon Is 36 inches and 
the apothem is 3^^ inches, 

2, The apothems of two equilateral triangles are 
3 and 7 , What is the ratio of the sides?/ 
the perimeters? the areas? r 

3, Find the area of a regular hexagon If the 
radius of the hexagon is 10 , „ 




Find the area of the lateral surface 
of the frustum of a regular 
pentagonal pyramid. Each 
edge of the upper base Is 
12 and each edge of the 
lower base is 14 , The 
altitude^f one of the 
faces df the frustum is 
15 p Find the area of 
the lateral surface. 

The edges of one cube are double those of 
another. 

(a) What Is the ratio of the sums of their 

edges? 

(b) What is the ratio of their total surface 
areas? 
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Chapter 12 
CIRCLES AND SPIffiRES 

The depth of treatment of the material of this chapter 
must depend upon factors which Include the caliber of 
class and the time remaining in the school year. Generally 
speaking, there are three levels of treatments (a) the 
minimal, which strives only for basic appreciation of the 
relations between angles and arcsj of tangents, chords, 
and secants i and of the measures of sector area and arc 
lengthj (b) the average treatment, which adds to the 
minimal some deeper analysis of the above relations by use 
* of coordinates; and (c) the thorough treatment, which 
involves considering every problem in the chapter. The 
minimal treatment is recommended only where time permits 
nothing mbrf j the thorough treatment is strongly recommend^ 
ed for high-ability classes'. 

Observe that in the proof of Theorem 12-1. we do not 
assert that C(x,y,z)i x" + y^ + ^ and 2 ^ 0) Is 
the same set of points as C(x,y)i + y^ ^ r^) , Tq^-—' 
make such an assertion would be to say that a set of 
ordered triples of numbers is a set of ordered pairs of 
numbers! It would be correct to say that the following 
two sets are equal: 

((x,y,z): x^ + y^ + - r^ and z ^ O] 

{(x,y,0): x^ + y2 ^ r^) 

and this is, in fact, what we asserted when we "recognized" 
({x,y,0): x^ + y- ^ r ) to be the set of points in the 
xy- plane given by ((x,y): x^ + y^ ^ r^] . 

The equations of circle and sphere developed in the' 
text keep the centers at the origin. In the problem set 
that follows, notably in Problems 4, 5, 18, equations of 
circles or spheres whose centers are not at the origin 
are introduced. This is not a difficult concept and 
should be part of trie average treatment, 
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In jthe minimal treatment^ Theorem 12-4 and Its 
corQllarlas may be asserted without proof. In the average 
treatment^ the teacher should lead the class through the 
proof of one of the cases of %he theorem. All classes 
Bhg^ld: understand the proof of Theorem 12^5, 

f Note In the proof of Theorem 12-4 the assertion 
^ - ((a^y)] * We ask that^ in this chapter^ the curly 
brackets be taken to signify sets of points rather than 
sets of ordered palps (triples) of numbers. In other 
words^ we, ask" that [(a^y)) , [(x^y)i x ^ a] , *■ 
((ajy)i y real} and ((x,y)s x ^ a , y real} ^ all be 
read alike ^ as the set of all points whose coordinates 
are ordered pairs of real numbers such that the first 
nUttbet* Is a and the second is not restrlctad. 

i^^Note that our definition of t ardent circles requires 
theri|sto be coplanar* Noncoplanar circles can, of course, 
intersect in a single point* However^ we have chosen not 
to apply the word "tangent" in such cases. In other 
texts, tangent circles may be defined In such a way as 
not to require them to be coplanar, ' * 

Some teachers may search the text ^ In vain for a 
n^ethod of "constructing" a tangent to a given circle from 
a given point outside the circle* It may be useful and 
appropriate at some point to demonstrate^ not how to 
"construct" the tangent, but how to find the coordinates 
of the point of tan^ency. A sample of such a demon- 
stra'tlon Is here Indlbated* Choose a coordinate system 
such^ that 0 , the center of the given circle has 
coordinates (0,0) and A , the given point, has 
coordinates (a,0) * Then, P , the point of tangencyi^ 



must have coordinates (x^y) such that ^ * V ~. 

X X — a 

2 2 2 

and X 4^ y ^ r , That is, m * m - -1 ; and P Is 

OP AP 

on the given circle. These yield 



(4,11^^2^ and (4,^fl^^2) 
a a 

as coordinates of P ~ 



telly hl^ ability alasses should b# raqulrtd to 
master the proofs of Theorem 12-6 and Its corollarlasj 
althou^^all students should understaiid the statements* 

Note the syrabolle expression i{K,y,a.)i X" + ^ 0} • 
Students may need help Initially In translating such 
expressions. The Intended meMlng Isi The s#t of all 
points whose ooordlnates^are ordered triples of real 
n^bers, %hm first tm of whloh are tha 'ordered pair (x,y) 
sueh that X" + y" ^ 0 , and the third is the number a , 
Clearly this Is the set whose only element Is the point 
with coor^natei (OjOja) , 

Note that J whereas the (degree) measure of an angll 
Is, by definition, restricted to positive niaibers less 
than 180 , the degree measure of an arc may be l8o or 
greater .jrmie degree ™asu5e of an arc Is a positive 
. number less than 360 * . ' . 

ThB symbolg m AXB denote the "degree measure" of ' 
MB , and we read it "measure" of , for brevity. In 

Section 12-8, we consider th# length, another kind of 
measure, of an arc. We dlstln^lsh length from degree 
measure by uslr^ ^ MB to denote length of a53 * 

, ^e proof of OTieorem 12-7 should be required of 
■average high-ability classes* 

A proof, using eoordlnates, of Corollary 12-7-1 la 
indicated in Problem 15 of the next problem set. 

The meanings of the terms secant ray," "tangent ray," 
and "chord ray," used in Problem 2, are obvious. 

Some bright student may observe the general relation- 
ship between the measure of angles and the measures of 
arcs^ they Intercept^. If no sjud^t makes the discovery 
on his own, the class should be led to it . ^e measure 
of. the angle is half of either the mum or the difference 
of the measures of the Intercepted arcs depending upon the 
location of the vertex, if the vertex is Inside the 
circle (^special case, at the center) %he rteasure the ' 
angle is half the sum j if outside, half the difrerence j 
if on the circle, it doesn't matter, for one "intercepted 
arc" has zero measure. * \ r 



IVmay ba advisable to IntPoduoe Saotlan 12-5 with 
an informal J Intuitive diseussion of "sapnente Joining a 
point to a olrole," Probl#m 5 of Problem Smt 1-fe should 
be reviawad* A well-drawn cirola on the blaokboa^dj a 
mfter stlelCj and^a seleotion of situatlonSj aaeh fiinaly^ad 
numeriQallyj should 3^ead the studants to generally some- 
what as follows; the point oan be Insldaj on, or outslda 
tha clrolai for a given point, tha produot of tha langths 
of the two aegments Joining it ^te tha^eirela ramains 
constant, regardless of the slopa of tha line e^ntalnlng 
the segments. Of course^ if the point is on tha oirale, 
one segment has ^ero length j and if the line is tangent to 
the circle, the "two sepdents" have the sMie lengthj but 
the generalisation still holds* ^ » 

Teachers wishing to give a test at this point will 
find a number of suitable questions in the Illustrative 
Test Items for the ahapter* 

The following section is devoted to a dispusslon of 
the construetiblllty of a trieuigle whose sides are to be 
congruent respectively to three given lihe segmehts* It 
is presented as an example of a method one might use to 
investigate such problems when the only avallabl^e drawing 
Instruments are straightedge and compass* ^ 

Suppose we wish to make a Qopy of a certain triangle. 
One way of doing it would be to follow these, steps, 

(1) Measure the sides of the triangle ydu wish to 
copy, ' , ^ 

(2) Dr&w a segment ^TO whose length Is one of ^the 
lengths you found In Step i , A* — 

(3) With a compass, draw a circle with center at ^ 
A ^ whose radius is another of the lengths you ^ ' 
found In 3tep 1, and draw a circle with center 
at B whose radius is the third of the lengthf' 
you found in Step 1* Your diagram shoidd now 
look li^e this, ' ^ 




Thanj If C and C a»a the Intereeatlon points of your 
circlaBj each of tt*langles ABC and ABC' Is ebngruant 
to the original triar^le (by 8,8**.)^ and ihartfore a aopy 
of It, ThiB methed of eonitruotlon piarantaai that all thi 
triangles It produees are ooples ,of the original one. 
Does It necessarily produoB any trlariglefi? Cduld the 
oonstruotlon lead to a diagram like this? 




It Is certainly possible to "draw two olrclel, suoh as those 
of the last dlagrajiii which have no ^common pqlnts* Our 
question Is whether it is possible to draw non-lntersectlng 
olroles with centers A and B , if it |^ given that the 
radii of the circles are the lengths df two sides, of a 
triangle whose third side has length AB , A theorem, 
asserts that this is not possible, 

^ Theorem , Let a, c be positiv^e numbers for which 

a + b > d J 
b + c > a ^ 
c + a > b . 



Then 



I, 'Kiere Is a triangle whoee sldas have lengths 
a, b, and o * , ^ 



11. If the dlatana^&ttwaen the eantars ©f two eo- 

planer olrolaa Is e and If tht oiralts have radii 
a mnd b , than tha alrolas Inte^seot In two 
points J ona on aaoh side of the 3flna of oentera. 

Proof I Her^ are some situations In ^leh tha 
Inaqualltlas stated in the thaoram ara all satlsfiedi 




Hera lare soma situations In whleh the Inequalities statad 
In the thaorem are not all satisfied. It appears that tha 
olrolas do not Intersaet and that no trlangla Is formed. 




We. prove Parts I and II together^ using coordinates* 
We eonslder tha points A(0,0) and B(0,g) , and try to 
find tha coordinates (x^y) of a point C where the 
circle with canter A and radius b intersects the circle 
with canter B arid radius a , finding such a C we 
show that there is a triangle ABC whose sides have 
lengths aj b, and e , It will turn out that there ai*e 
two such points^ one on. each side of the x-axls. We use 
the distance fomula to express the conditions that 
AB ^ b and K ^ a . 
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We have 



and - 

(x ^ of + y2 ^ a? . 

We try to find values of |c and y whloh satisfy both 
thasa equations. We rewrite the aeeond as 

2 P P ^ ^ 

X - 2gx + + y- s a" 

and then subtraet the f^rst, obtaining 

'2qx + ^ a^ - b- . 

This shows that the only possible value for x is 

2 2 P 
Q + b"^ - a"^ 

We return to the first equation with this value for x 
and try to find y , We have 



+ y^ b^ 



or 



2 2 
y^ ^ b" 



We ean solve this equation for y if and only if the 
right side Is not nagatlve. Let us ti^ therefoi'e to show 
f "that , J 



is not negative, means of algebraic^ manipulation it 
0^ be derived that this expression equals 

(a + b + c)(a + b - Q)(b + c - a)(o + a - b) 

Wiat this latter expression is positive follows from the 
facts that 

a + b + e > 0 
a + b - c > 0 
b + G = a > 0 
c + a - b > 0 
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Let us oall this expression u . New that we Imow 
that u Is posltlva, wa knovt that the sy^ol is a 
meanlngrul one* and that the possible values for y are 

and - . We conclude that pheAi ar# two suoh 
points (x,y) * ^ey are C / 

+ fag - ^\ 



and 



V 



Notice that yu Is positive, - ^ is negative, 
so that these points lie on opposite sides of the x-€LXla 
which Is the line Joining the centers of the two circles 
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IllUBtretlve Test Items for Chapter 12 ^ 

Part A, Indicate by if each of the followli^ Is 

always true, by "0" if It Is possibly false. 

V . 1.^ If two Ghords of a circle bisect each other, 
both are diamatera of the circle. 

2, If one chord contains one andpolnt of a dliunetar 
and anather chord contains the other endpolnt 

of the diameter, the two chords are equidistant 
from the center of the circle. 

3, If a tai^ent and a chord Intersect at a point of 
the clrclei and If the Masiur*e of the tiingtnt 
chord-angle Is 30 , the length' olSthe chord is 
equal to the length of ^he radius of the circle, 

4, If two chords of a circle are peiTpendloular to 
each other then at least one of the chords Is a 
diameter, * " . 

5, If two chords of equal length, |ut not diameters, 
ihtersect In the Interior of the circle, the 
quadrilateral whose vertices are the endpolnts 

of the chords is an Isosceles trapeEold, 

6, If two phords of equal length Intersect In the 
Interior of a circle, the radius containing the 
point of intersection blsetts ^ne of the pairs 
of vertical angles containing the two chords. 

7, AWlameter which bisects a chord is perpen- 
dicular to the chord, 

8, If a chord intersects a tangent at the point of 
contact, the chord is a diameter. ^ 

9* If a rhombus Is inscribed in a circle, the 
rhombus ±b % square . 

10* If a parallelogram is circumscribed about a 
circle, then it is a square. 
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11. Thm sat of Q#nters ot mil poaalble olrolas 
timgent to m given lln© at a given point li 

I oontalned In the lint parpendloular to tha 
given line at the given point. 

12. A trapeEold inscribed In a olrole is Isosaaleb. 

13. If a pair of opposite angles of a quadrllatepal 
are suppleiuntax^^ a olrale exists whloh aontalns 
all four of the vertices of the quadrilateral. 

14. If a tangent to' a cirole contains a vertex of 
an inscribed triangle j .at least one of the 
tangent-chord angles is congruent to one of the 
wgles of tha trl^igle, 

15. ^e measure of an inserlbed angle! is equal to 
one^half of the degree measure of tha arc in 
which it is insqribed. 

16. If one side of an inscribed triangle is a 
diameter of the circiansoriblng circlei two of 
the angles of the triangle are complen^ptary . 

17* If an inscribed angle contains two chords of 

equal length, its midray contains the center of 
the circle. 

l8. An aj^le Inscribed in a major. arc is obtuse. 

19< If a circle is clrciinscrlbed about a regular 
hexagon, tha radius of the circle is congruent 
to a side of the hexagon. 

20. An inscribed angle that intercepts a minor arc 
is acuta. 

21- If two chords intersect vd-thin a circle foming 
pairs of non-adjacent angles, and if tha non- 
adJaeen/6 ares Intercepted by these angles are 
congruent, then the chords are diamatars of the ' 
circle. 
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22* If a right triangle is Inscribed in a elrQle,- 
its hypottnusa Is the dlmmeter of the clrele. 

23- The quotlent/€f the QlrGumferenpe divided by 
the radius m the s«ne niimber for all elreles* 

24, If two regular polygons are Inscribed in a 
circle > the onte with the greater number of sides 
nas an ^«Mm whleh Is more nearly equal to the 
radius of the clreumaGrlblng elrele* , 

25, If the radius of one circle Is three times that 
of a second cirele, the Glroumference of the 
first Is three times that of the second, 

26, T^ie arfea of a square inscribed In a given circle 
is half the area of one circumscribed about the 
circle * 

27* In a given circle^ the areas of two sectors are 
proportional to the degree measures of their arcs 

Hie quotient of the area of a circle divided by 
the square of Its radius Is w . 

The length of an arc of a circle can be obtained 
by dividing its degree measiire by ir , 

30, The areas of two circles are proportional to 
their respective clrcwiferences. 
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Part B. 



1» Chords TO and intersect at p , The 

degree measures of nonadjacent arcs AD and 
BC , respectively, are 32 and ko , What 
is the measure of ^APD ? 

2, Chords W and are perpendicular. The 

degree measures of adjacent arcs SB and M , 
respectively are 50 and 4o . What are the 
degree measures of ^ and CB ? 
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3. Chords W and W ara equal in length and 
they Intareect at P * The degree meaeures of 
adjacent arcs BG and CD , respeetivaly, are 
50 and 8o ^, Wiat are the meaiures of £CPD , 
/ADC , and /DCB ? ^ - 

4. Parallel ehords TS and SB Intersect chord 
U In two points A and P , respectively. 

m CD ^ m AB , m S ^ 84 , ^ D and E are on 
the s^e side of ^AC*^, V?hat la the meaiure of 
/CAE ? \ 

5i Find the n^sure of an Interior angle of a 
regular nine-sided polygon* 

6. Into how many triangular regions would a convex 
polygonal region, with a polygon of 100 sides 
as the boundary, be separated by all possible 
diagonals which connect a given vertex of the 
boundary with other vertices of the boundary? 

7. If the clrcwiference of. a circle is a number C 
such that l6 < C < 24 , and the radius of the 
circle is an integer find the radius. 

8. If the number of sides of a regular polygon 
inscribed in a given circle is increased 
Indefinitely, what is the limit of the length 
of one side? Of its perimeter? 

9. Write a formula for the area of a circle in 
terms of Its circumference Instead of In terms 
of its radius. 

10. I^ie area of a circle is 2w ^ .what is its 
radius? ^ . 



11, If the areas of two circles have the ratio 
what is the ratio of their dlamefers? 



1 
100 



12, Two sectors of a circle are such that the 
measures of their angles are 50 , ibo 
respectively, V^at is the ratio of the lengths 
of their respective arcs? What the ratio of 
their r^ipectlve areas? 
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A cireular late Is appreximataly 2 miles In 
dlajn#tei», Aho^t how ^ny hours will It taka to 
vmlk around It if you iralk at 3 miles par 
hour? (Oive the answer to thi nearest whole 
n\«nber*) 

Vttiat Is the least possible value of the 
diffaranoe between the area of a semlalreular 
region and the area of a triangle insaribed in 
the semiclrQle^ if the radius of the ^semloirole 
is 6 ? 

^here S = {(x,y,z)i + y^ + - 36) , Tell 
whether eaoh of tha folloTrf.ng points is on the 
sphere, in Its interior^ or in its exterior. 

(a) ("6,0,0) (e) vW,-^3,0) . 

(b) (^6,1,0) (f) (5,5,^5) 
M (-6,^1,^1) (g) (4,-4,2) 
(d) (5*2,2) (h) (3,1,5) 

Chord 1[B Interiects dlwaeter TO at A , 

AC = 50 . AD ^ 30 , limat is the distance from 

the canter to 'KB ? 

In a circle whose center is 0 , the chord 
is the peipendlcular bisector of radius . 
OA ^ 6 , Find m , ^^Sy , the area of 
seotor XOY , ^d the area of the secant of 
the eirole bouMed by W and . 

A regular hexagon is clroianscrlbed about a 
oircle* The pe/rimeter of the hexagon la 12 . 
Find tha clrourtif erence and the area of the 
clrol^^^'^ 

On an aerial photograph the surface of a 
reservoir appears as a circular-region of 
diameter 7/8 inch, if the scale of the 
photograph is 2 miles to 1 Inch, find the 
approximate (nearest one -half square mile) area 
of the surface of the reservoir* 



529 



9 



Cirele G ^ l(x»y)s X" + y- - 25) , Find the 
slope of each of the two chords whose endpoints 
are I respeetlvely, the point p(3|4) snd an 
endpolnt of the dimeter In the x^axls* Find' 
the slope of each of the two chords whose 
endpoints are^ respectively^ P arid an endpolnt 
of the diameter ^ the y-axis. 

If a pl^e is 8 inohts from the center of a 
sphere whose radius is 17 inches j what is the 
length of the radius of the QLvblm which is the 
intersection of the plane and ^>ie sphere? What 
Is the ratio of the area of t^s circle to the 
area of a great circle of the^sphera? , 

CD is tangent at C to the clr^e whose center 
is B , "SS is perpendieular to the plane of 
the* circle, BG ^ 6 , AB ^ 8 . CD ^ 24 . 
Find AD , . 

A continuous belt runs around two wheels of 
radius and 9 1/? feet^ respectively, The 

centers of the wheels are l6 feet apart* 
Find the approximate length of the belt (to the 
nearest foot), (y? is approximately l,4l4 | 
w is approxtoately 3,142 ,) 

Circle G ^ [(x,y)i x^ + y^ ^ 25) and' 

line ji * C(x,y)i x + y ^ 5) , Find the length 

of the chord of C which Is contained in ^ , 

Circle C ^ [(x^y)i + y^ ^ 5) and 
line t ^ ((x,y)i 2x + y ^ 5) . Find the 
coordinates of a point of Intersection of C 
and t . How many such points of Intersection 
exist? Wiat is the relation between t and C ? 



26. Clrele 0^ {(x,y)j 7? + ^ ao] and 
line J - ((x,yO-. x + 2y ^ 5J % ~ ^ ^ 

(a) Find the coordlnatei of the point g of 
Interaectlon of 'C- and' 16 . 

(b) Find the midpoint of * the ohord of C 
contalnad In ^ , . • if ^ *' 

(o) Find th# slope of thii chord; ^ 

(d) Write an equation of the 'line oohtainlng 
the midpoint of tht ohord and the center 
of ^ the 0 ire la, ^ 

(e) Find the distance from thi ohbrd to the 
oeriter of the oirGl%", . / 

27- Clrale C - [(x,y)r^^> ^ 4}/, 

(a) What is the x-eoordlnate of each point t>f 
C whose y^coordlnate is 1 ? 

(b) Does the p&int T , ^) lie on 'the 
olrole? ■ ' ' ' 

(c) Does the point S(S^3) lie 'on the circle? 

28. Find the ooordinatea of tha points of inter- 
aectlon (if amy exist) of the elrele 
C « {(x,y)! X + y ='25) and each of the 
following sets of polnti; 

(a) A = Ux,y)t y = -4J ' 

(b) B « [(x,y)i y - X = 7} 

(cj C - t(x,y)i X = 2 + k , y s 9 + k , k peal} 

(d) D = ((x,y); x^ + y2 = 9) 




LINEAR AND PARAMETRIC EQUATIONS . 

^ In this Talk we Investigate further the equations of linens / 
...and Rj-anes discussed In Chapters 8 and 9. "^"^-^^Z 

1 . " Lines In the xy - plane , - / ■ 

Consider first a line J. in the xy-plane which 'is not ^ 
. parallel to the y-axls. Then It has a slope m and If 
^^I'^l^ is any point on It we may write: 

£^ {(x,y): y - y^ = m(x - x^)) , « 

In which the equation has the familiar point - slope form. Using 
some elementary aljgebra we get: *- 

>:^= ((x,y): y - y^ = mx - mx^) , * - 
C;-(x,y): mx - y + (-mx^ - y^) = 0) , 
^and If we set a = m , b = -l c = -mx^ - y^ / then 

.>^= ((x,y): ax + by + c = 0) *' 

In which the equation has the form of the general first degree 
equation In x and y . An equation of the form ' 
qpc + by + c = 0 Isa first degree equation In x and y If 
a, b, c are real numbers and ^ a and b are not both zero. 

Consider next a vertical line v In the xy-plane. Then 
V does not have a slope and If (x^,y^) Is any^ point on It, 
- we have 

V = {(x,y): X = x^} . 
If we set a ='l , b = 0 , c = Xj^ , then 

V - {(x,y): ax + by + c = 0) . ' 

"Henc^a vertical line has an equation which Is a special case 
of the general first degree equation. 
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2, ffltnaral First Degree Iquatlons In x and y . ^ 

In Section 1* we' observed that every line ^ In the 
xy-plane aim be represented by an equatlon^of the form 
M + by + e = 0 In which a and bf are not both gerol Thm 
representation is in the 4*ollQwing sense i * „ 

Given a line ^ , there exist real numbers a, b^ c with a 
and b not both 0 , such that 

£ m '[ (x,y)i %ax + by + 0 ^ 0] , 

In this section we consider the questions Does every first* 
degree equation ax + by + o ^ o represent a line? 



t 

Note that 



t(x,'y)i Ox + Oyr+ ,0 ^ O) 



' is the entire xy-plane and that 

C(3t,y)^ Ox 4- Oy + 1 - 0] 

Is the null sat. ' This shows that there are at least two 
equations of the form ax + by + c - 0 which are not equations 
of llnfeB, Indeed, 

[(x,y): Ox + Oy + c^^ 0) ^ 

is elther-the null set (If c ^ O) ^ or the entire xy^plane 
(if 0*0* But note al^o that Ox 4- Oy + c .^ 0 is not a 
first degree equation, ; 

Consider now any general first degree lequatlpn. To be 
» definite, suppose we are given three real numbers, a, b, e 
with *'a and b not both 0 , and that S is the following 
set: 

S ^ [(x^y): ax + by + 0 - 0) , 
We wish to show that the set S is a line. 

There are two cases-"^ consider either b = 0 rfr b ^ Q 
If b ^ 0 ^ then a ^^0 , and 

S - [(x,y)i .X - - |) - 



A 



But If ^ is tha yertioal ilna thrau^ (- -S, o) we Imow that* 

It follows that % ^\ jt ajid hence that S Is a llrie. 

1 ' ■ 

If bJj^ 0 , then^ f 

■ - S - {"(x,y)^ y ^ _ |x - |J . , . ^ 

Let. p be the line wltf| 'Blope - ^ which oontalns the point, 
(0,- §) . . Then ^ 

P ' ((x.jl-)! y + I = - |(x = 0)} . 

It foll-ows that S ^ p and that S is a line* 

Itiis shows that every equation ax + by + g ^ 0 In whloh 
\^ a* and b are not both 0 %i the equation of a line In the 

xy-plane» Sumiarlzlng Sections 1 SLnd we see that every - ^ 
^ equation ax + by + c ^ 0 ^ with a and b not both O , Is 
the^equatlon of a 'line In the xy-plane, and oonverselyj that 
every line In the xy^plane can be represe^ed by an equation 
ax + by + e * 0 ih which a and b are not 'both 0 , Of 
coursej this Is why ax + by 4- e - 0 is called a linear - 
equation. 

'3. Parametric veraus Linear forro . 

In Section 1 we derived the general linear equation start- 
ing from the polntr^lope form. In this and the next seations 
we show two other derivations of the general linear equation^ 
one uslrig parametric equations and one using the Pythagorean 
Theorem. . - ^ 

Let (x^^jy^)' ,and-. (^g'^S^ ^® distinct points and 
JL the line which contains them. Therf " 

^ ------- ^ 46 . 

£^ C(x,y)i X - + k(xg - x^), y - + k(yg - is reall^ 



We eonsldtr two eases^ ^ is v.ertieal, or It lsn*t. If ^ ^ 
IS vtrtleal, then Xg, ^ , / , and \ 

{U,y): X m x^, y ^ y^ + ^[^^ . ) ^ ^^^-^ j ^ 

We taiow from our work In Chapter 3 that the set of all jeal 
numbers y such that y - y^ + k(yg - y^) for some real^ 
number k Is the set of all real numbers. Therefore the last 
two Gonditlons on x and y In the set-builder symbol for M . 
are. equivalent to the condition that y be real, ^erefore ^ 

[(x,y): X ^ x^ ] , 
and *i ' 

[(x,y)j ax + by + c = 0) 
in which a - 1 , b ^ O , o - - x-^ (and hence a is npt ^ . . 
If is not vertical, then x^ ^ x. ' and 

.^-^ {(x.y)- k - ^ \^ . y - +^k(yg - y^) is real J, 



and 



,Slnce every real number x can be obtained from some real 

" X ^ X 

number k by using the formula ^ k ^ ^ ^ \ , the first and 

^2 ^1 

third conditions in the set^builder symbol above are equivalent 
to the condition that x ^ be real, Thet'efore 



1= {(x,y)? {y^ - y-^)x + (x^ - Xg)y + (x^y^ - x^yg) - 0] , 
and ^ ■ 

^ C(x,y): ax- I by + c = 0]' 
m which a-^yg = ^1 , b = x^ = Xg ,,arid c = Xgy^ = x^yg 

f 

(and t^lnce b 1^ not Eer6.) - , 
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This BhQ^B that If we start with any line In thm xy^planf^ 
and aeaapt the fact that it ean be ^presented parametrleall/ 
as In Chapter 8/ then it h&s a first degree equation 
ax + by + G - 0 * 

Suppose, now, that we start with a general first degree 
equation. Can we get parametric equations for a line from It? ' 
Let a, b, c be real numbers with a and b not both 0 and. 
let 8 be the following set. 

((x,y7i ax + by + 0 ^ 0) r ^ " 

' Then either b - 0 or h fi 0 , b ^ 0 , then a 0 , 

|.0) es and |,1) es , Let J be the llnei : 

((x,y): X - ^ I + I + |), y ^ 0 + k(l ^ 0), k is real), 

Jphen 

£^ ({x,y)^ X - - |3 - [(x,y)z ax + c - 0) - 3 . ^ . - 

If, on the other h^d, b ^ 0 , then (0,- GS and 
I {l> C ) CS . Let q be the llnei 

q ^ C(x,y)i X - ^ + k(l = 0), y ^ , I + k(^), k is real) . 
Than . 

q - t(x,y)i y - 4 + M^)] 

q ^ ((x,y): ax + by + c ^ 0) , 

and q ^ S * This shows that If we accept the parametric 
equations for a line in the xy^plane and If ax + by + c ^ 0 
is any first degree equation, then there are two dlstlnc^ 
points (x^^y^) and (Xg,yg) such that the set 

S ^ C{x,y): ax + by + c * 0) . 
^ is the same as the set ' ^ 

' J= [U,y)i X - Xj^ + kCxg - x^), y ^ y^ + k(yg « y^),k is real). 
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4 . Pari vat Ion of the ^near EquatlQti Using - the Pythagorean ■ 
. / ThBormm / ^ ^ ' . * ' - ^ . ' 

Let be any l^e lA the xy-plane whloh doee not contain 
(0,0) , Let A(a,p) be the 
foot of the perpendicular 
from 0 to . Note, since 
^ does not contain , 0 ^ that 
a, and b are, not both zero. 
Then F(xjy) ii' a point on 
-if and only if 

^ V (OP)^ - iOkf + (Ap)2; 

^ + y^ - + + (x - a)2 + (y ^ b)^ , 

0 m 2a^ + Sb^ - 2ax - Sbx , 
ax 4- by * a + b 
Therefore 




\ ' 2 2 

¥ tt^iVh ^ + toy ^ a- + b ) 



s 



J w { (x,y) I ax + by + c - 0) 

where (a^b) is the foot of the perpendloular from 0 to ^ 

* 2 2 

, and c - -a - b , . 

Suppose next that p is a line in the xy^plane through 
the point (OjO) and that 
A(a,b) is a point different 
from 0(0,0) on the line 
through (0,0) in the 
xy-plane which is perpen-- 
dicular to p . Note that 
a and b are not both ^ 0 * 
Then P(x,y) Is-a point In 
p if and only if 

o . .2 



(OA)^ + (OP)^ - (AP)^^ 



a^ + b^ + x^^ y2 . (X ^ a)^ + (y ^ b)^ , 

0 ^ -2ax - 2by , 
ax + by ^ 0 . 
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lu. 



There jFore 



; p m [ ix,y)i ax + by ^ ^ 0} 

whtre {a,b) ie a. point ^ '^ot O , on the llnS through 0 and 
parpeniieul.ar to p , and where c - 0' . 

In this section we not only have, derived the first degree 
equ&tlbn for a Mna using the Pythagorean Theorem but wu have 
obtained a upeful by-product. It is-. If a and b are not 
both 0 i then the line from (0,0) to (a,b) Is perpen- 
dicular to the line ax + by + c - 0 , whether this latter line 
is throiigh the origin or not, atated'ln another ways If 
ax + by + c ^ 0 is a first degree equation for a line ^ ' 
then [a, b] Is a vector perpendicular to ^ {i,e, perpen- 
dicular to every vector which can be represented by a directed 
line segment oont^|pd in ^ )^ briefly, [a,b] is a normal 
vector to ^ . ' ^ ^ 



5- ^irst Degree Equations for Planes 

Let p be a plane not containing (0,0^0) and suppose 

A ^ (a,b,c) is the- foot of the perpendicular from 0 to p , 

Note that a, b, c are not all zero. Then P(x^y,z) is in 
p if and only if 

(OP)^ . (0A)2 + (AP)2 . 
+ y® + e:^ - a^ + b^ + + (x - a)" + (y - b)^ (z c)^. 
2ax + 2by + 2ez ^ 2a^ + 2b^ + 2e^ , ' z 



ax + by 4- oz 



a2 -H b2 -H c2 



ahd 



Q O Q 

P - ((x,y,z): ax + by + cz ^ a- + + c ) 

Observe that ^ ^ 

P - C(3C,y,z): ax + by + ^ d} 

where ta,b^c] is a normal vector for 
the plane. 




I^t q ba a plane through ^0(OfO,0) and suppose 
A ^ (a,b,c ) Is a point otheF than 0 on the line^ through 0 
and parpandlcular to q , Note that a, c are not a^l 
mmro. Than f{x,y,z) la-.a point In q If and only If 

+ + 0- + + + - (x - a)2 + (y - b)^ + (z = c)^ , 

e^c + by + = 0 • 

Observe tha^^'^ . ^ ' . 

q - ((x^y,^:)i + by + sE ^ 0) , 

and that Lajb^cJ ^ie a nomal vector for q , 

Next we start with an arbitrary fl^st degree equation In 
y> z , Suppose ax + by + = d is any equation 
with a, b> e not all 0 * 

Is this an equatlo^ for a plane^? On. the basis of our develop- 
ment above it would seem, so If either d ^ 0 or 

2 2 2 

d = a + b + e % What is the situation for an equation lik^ 

3x + 4y + 52 ^ 6 for which neither of the equations,, d ^ 0 . 

2 2 2 - J 

d = a + b -i-e ,ia true? (We are identifying a ^ 3 , 

b-4jC^5id-6 in this example*) Is 

S ^ ((x,y,z)i 3x + 4y + 5z ^] ^ ' ^ . 

a plane? Multiplying through by ^^ ( i^e ^ \ 

a +0 + c ' 



3« + 4= +^5 

we see that 



and that 



.18^2 ^ .24v2 ^ ,30v2 36 



If we set 



at ^ i§ hi ^ 24 ^, . 30 36 



then 

d» ^ b»2 + 



5^0 



103 



Thus S is the plane whicri le perpendleular at , , |Sl 

^50 ' 50 ' 50/ 

to the directed se^ent from the origin to the point 

/18 S4 30 \ ^ ^ * 

' W ' 50J * , , 

In the general case, df a, b, c are not all zero, and if 

S - ((x,y,z)i ax + by + QE - d] ^ ^ 

then 



if d ^ o; arid 



V 



S ^ [(x,y,g)* a«x,+ b«y + o'e ^ d') 

if d ^ 0 , where 

f ^ ad _ bd . Qd 

a + b + a- a + b^ + c a" + b" + 

and 

... 



2 ^ ^2 . 2 
a + b + c 



Note that ds*a«^+b«^+o»^ ' 

and that [a'^b^'^c'] and [a,b,c] are parallel vectorB. 

T^us it followSj regardless jof whether or not d is zero, that 
S ' is a pGlane with normal vfctor [a^b^o] , if d - 0 then 
S is the plane containing the origin and perpendicular to the 
segment from (0,0|0) to (a,b,c) If d ^ 0 and (l) 
a 1^ 0 [or (lip b f£^0 , or (ill) c ^ O] then S Is the 

plane conta^ng ^(l) {|,0,0) [or (ll) {0,pO) 'or (ill) 

(0,0,^)] and perpendicular to the segment from (OjO,0) to 

(a,b,c) . 

In the development above we made direct use of the 
Pythagorean Theorem in developing the first degree equation 
for a plane* We present now another development using vector 
ideas, (Erementar^ properties of vectors are discussed In the 
Text in Chapter 10 and in Appendix XI,) Recall that two 
vectors are perpendicular If a|id only if their scalar (or dot) 



\"50 ' Bo ^ 50 y • _ 

In the general case, df a, b, c are not all zero, and If 
S - l(x,y,^)t ax + by + QE ^ d] ^ ^ 
then 



If d ^ o; mrfd 



V 



S ^ [(x,y,E)* a'x.+ b«y + c'e ^ d') 

if d ^ 0 , where 

f ^ ad _ bd . Qd 

a 2 2 2 * K^ 2 2 2 '^ ^2 9 P - 

a^ + b^ 4- e- a^ + b^ + a" + b" + 

atnd 

d^ " . 

d' 



: 2 ;^ ^2 ' 2 

a + b + c 



Note that d'*a« +b'-+d» 

and that [a'^b^SC] and [ajb,c] are parallel vectorB. 

T^us it follows, regardless jof whether or not d is zero, that 
S ' is a pGlane with normal vfctor [a,b,o] , If d - 0 then 
S is the plane oontaining the origin and perpendicular to the 
segment from (0,0,0) to (a,b,c) If d ^ 0 and (i) 
a 1^ 0 [or (lip b f£.0 , or (Hi) c ^ O] then S is the 

plane conta^ng ^(l) (^,0,0) [or (ii) (0,pO) 'or (lii) 

(0,0,^)] and perpendicular to the segment from (0,0,0) to 

(a,b,c) . 

In the development above we made direct use of the 
Pythagorean Theorem in developing the first degree equation 
for a plane* We present now another development using vector 
ideas p (Erementar^ properties of vectors are discussed in the 
Text in Chapter 10 and In Appendix XI,) Recall that two 
vectors are perpendicular if a|id only if their scalar (or dot) 



The text dtvelopnent leadlhg to this result rests in a very 
assential way upon the Ruler Postulate the theorem regarding 
proportionality of the aepnents fprmed When three parallel lines 
are cut by t^o transvei*sals. ^e following alternate develop- 
ment is based on^ vector ideas 1 ^ ' 

Given a line where A - (x^jy^jE^) and' ^ 

B = {^2*^2*^2^ * then P(x,yjz) Is on *AB* and if and only if 

there is a real number k such t^t AF = k * AB j and. ^ * 

- 4^-— Xj- y y - yj ^ -s - ^i^ ^ ^t^a " ^1 ^ '^2 



^ But this vector equation Is true If and only If all three 
following scalar equaMona hold: 





= k(xg 




y - 


= kCyg 




z - 


= kCzg 





It follows that 



X = 



(3c,y,z)i y^^ 

3 



z - z 



y^) ^and k Is real, 



A similar development yields .a parametric equation ^ 
representation for a plane. Let A(x^^y^jE^) , BCXg^ygj^g) j 
^(xgjygjZg) b© three noftcoplanar points and p the plafte 
which contains them. Then P(x,y,z) Is In p if and^^nly If 




AD s h 



AB 

m 



( ' Jo ' 

) ■■ - 



there are two real nmnbera h an^ k suGh that 
that tB, ' . 



^ htxg yg - y^, + kExg^ x^, yg ^ , Zg - z^] 

or- , " ^ ■ 

tx - y - y£ , z z^ J X..^ 

- [h(xg - Xj^') + k(3^''- x^), ti(yg - y^) + ktyg - y£),Ji{z^ 

But this vector equation Is true If and only If the following 
three scalar equations are all tru^ 



" -l) 



(*) i y - y;j^ * h(yg^ 



z - ^ hCzg 



Therefore 



x^) + k(x3 ^ x^) 

y^) + K(y3 ' Yi) 
z^) + k(zg = z^)^ 



p ^ 



X - x^+ h(Xg - x^) + k(x^- x^) ' 
(x>y,z): y ^ + h(yg - y ) ^ k/y^ - y=,) and h and ^ 



- -i) 



z z^ + h^Zg - z^) + k(Zg 

N It is of Interest to note that If h and k are 

"eliminated" from the set of three eqjiations (*) above ^ that 

a "first degree equation in x^. y^ z results. One way to show 
this is to rewrite the equations as 



-(x - x^) + h(xg x^) + kCx^ - x^) 
-(y - y^^) + h(yg = y^) + k(yg ^ y^) 
-(z - z^) + h(Zg - z^) + k(zg ^ z^) 



0 
0 



and to thiiyc of tKem as threa equations In the ^'xmloiowis,"* -1 
h and k . Thm oorraspondinp datarmln^t of the ,ebeff ieients 

18' ^ . 



1 



2 ^ 7l 



- yi 



^3 ^ ^1 



'1 . *2 ^ n 

Slnae the system of equations {^) has a "solu^on" other 
^than (O/O^O) I It follows that A must be 0 , ^pandlng 
the determinant we get « 

(1) ax + by + ez ^ + by^ + q^^ 
where * . 



^2 • h 



'3 v^i 



^3 - ^1 



b = 



X "2 ~" 



^3. - ^1 ^2 - ^1 



0 ^ 



Xg X^ Xg 



and (1)^ Is^he desired equation* 
7* Why Parget rid Equations ? 



/r 



Conaider , the sets 



(1) 4 ((x,y,^^i X 2y + z * 0) 



S3 ^ f(x,y^z): 7x - 2y - 2z ^ 3 '"and x - 2y + z = 0). 

'C 

id 

Vftiat information about line 



ITien ^ and' Sg are^ planes and Is the line of inter- 

sect ion of 'B^ and * Vftiat information about line Sg is 
revealed by the' equations In the sat-builder spnbol for Sj ? 
It Is easy to see that Sj lies In and , and hence 

that Sr^ 1^ perpendicular to each of the normal vectors 



[7,-S*-2] and* [l,'27l] 



But what is the direction of 



and what points does it "^contaln? 




Set X ^ 1 In the equatlonB 7x - 2y^ - 2z ^ 3 and - 

2y H= z^^' 0 and solve the resulting eq€atlon for y 'and 

^ over again with ^ k ^ 3 , We Tlnd that (1,1,1) 
and (3^^f,5)' are two poiftts' In S^^ and hence that 

X ^ 1 + k(3 - ^1) , 

53 =^ ,(xjy,z): y = 1 + k(-4 - 1) , mrtt ■ k »ls real 

z = 1 + k(5 -'1) , ^ . 



* r 'X ^ 1- + 2ie , ^ 

(3) Sg (x,y,z)i y ^ 1 + 3k#,' and -k is real 

z ^ 1 + 4k ^ 

The parametric equations In (2) seem to reveal more 
information about than the equations In (l). An 

Inspection of (2) reveals that ^ passes' through A(l,l,l) 
and B(3,4,5)*, using k ^ 0 ^nd k ^ 1 . % taking 
^ ^ ^1 ^ ± 2 , + 3 , , , , we get other points along* with 
minimum expenditure of effort. 

The paraimetrlc equations- in^;'^3) show that contains 
(Ijljl) :> by taking k ^ 0 , and that^ It Is parallel to the 
vector ['2/3,4'] , by looking at the coefficients of k , 

One ;way to think^.,.©f the parametric equations is as a. 
"mapping" from the ^^axls to a set of points in xyz^space. 
As a point "marchegf along" the k axis. 



the corresponding ^point (x,y,s) "marches aloiig'' the line S 



k 

0 ^ 

1 - 
o = 



(x,y,z) 
(1.1.1) 
(3.^,5) 
(5.7,9) 



(7,10,13) 



lOD 



/ 



As another example let us consideE the sets 
S4 - i (5^y,z).s x"" + - 9 , X > 0 y > 0} 



^ ((x,y,z):, X ^ 3 cos z > 5,0 < z < ^ 

2 



'5 



(X;,y,z)r + ^ 9 x ^ 3 cos z , 

TT 



x>0 , y >0 ^ ff<z'<-s 
S]^ iB^a portior^- of a right circular cyli^dar 




^is a cylindrical surf ace which is the imlon of lines 
par&llel to the y-axis . 




Sg is the intersection of S^^ and ^/actually an arc of a 
helix. The equations In the Bet-bullder/symbol for Sg above 
tells us that *the curve Sg is the intersection of two 
Burfacesj it seems to emphasize the surfaces unnecessarily If 
the object of one's attention Is really the curve In which they 
intersect. 



5^7 



i i 0 



Compare the above representation '"as the Intarsectioh of 
'two surfaces with the following parametric representation. 



'° X = 3 cos k , 

.—J ' - 
(x,y,z): y - 3 sin k , and 0 < k < ^ 




Imagine a ^^partlcle' moving along the k--axls from 0 to 
^ . As It does^ the corresponding "particle" (x^y^z) moves 
continuously from (3^0,0) to (Oj3^^) along the curve Sg . 

If k denotes the number* of time units (minutes for example) 
since the particle departed from (3jO^O) o^' Its flight along 
the helix, then the parametric equations for Sg may be used 
to find easily the position of the particle at any given 
instant.. 

Two problems In diff erentlal . geometry are (l) to find the 
line which la tangent to a curve at a given point, and (2) to 
find the plane which is perpendicular to a curve at a given 
point. The parametric equations for Sg may be used to solve 
these problems easily for the arc of the helix In the example. 



Thus, corresponding to k ^ ^ , we have the point 
7 3 

-Pi 



on 



Using a bit of elementary 



f ./O i IT / ^^'^ "6 

calculus as Indicated below we find the components .of- a tangent 

vector to S^- at P. . (The dots indicate differentiation 
b ' 1 

with respect to the parameter k * ) 



X = 3 cos k 



y - 3 sin k 



z - k 



X - =3' sin k 

y " 3 cos k 
z ^1 



^ _ 3 



at-k 



TT 



Then 



la, a tangent vector to 



It then follows easily tha^^hB^^tangent line and the 
plane are as fcsllows: 



at P , 
normal^ 



N.P, 



(x,y,z): y 



_3 + 3 I r ^ 



and" k 



is real 



<^ Vi ■ 



As 



^7 



the 



another exajnple let us aonsider the sphere 
Bj - ((x,y,z): + ^ _2 ^ . 
This non-pai^ametrlc eqiiatlon reveals clearly that 
set of all^ polnt^s (x^y.z) the square of whose distance from 
(0,0,0) . is ^ 1 . But there are other .things about the sphere 
not clearly revealed by this equations-things havlng^o do- with 
"latitude" and "longitude/' for ^ example . Also this form of 
representation has the disadvantage that the relationships 
among x, y, z are implicit j the equation does mot give us 
any one of the variables e^cplicltly as a functjipn of the others. 
If we solve for z In terms of x and y we get 
=1= / o 2^ 

z ^ - y 9 - - y~ J a "double-^ valued function," Neither of 
the two functions included In this' "double function" possesses 

pa^lal derivatives for values of x and y such that 

2 2 ■ ' ' 

X + y ^ 9 ^ Of course this is a disadvantage if one Is 

Interested in normal ve^ctors or tangent planes, or one of the 

host of applications which use these vectors^ and planes as 

tools, . ' 



11. 



Another representation of this sphere the followin 

parametric one- based on the €pherlcal coordinates 9 , a f 
r with r ^ 3 , ^ 

X ^ 3 cos , & sin ^ 0 p 
-^(x,y,z)i y ^ 3 Bin- B sin 0 , 0 < 5 < Sir , 

3' 

0^0 < TT 




parameters 6 and 0 are called the longitude and 
the colatitude^ reepectlvely . The three equations define 
Xj -y^ z explicitly as Blngle-valuedj dif f erentlable funGtions 
of the parameters Q and 0 . As one might expect, the 



parametric equations for 



are mot*e fruitful and- easier to 



use for certain purposes than Is the nonparameti^c equation 
for S.^ . Furthermore the variables 9 and 0 seem^^to belong 
to a coordinate representation of the sphere 4. ^ Thf 0 and 0 
values at a point are more useful for many purposes than are 
the Xj y, and z values at the point, 

« 

A final example is the cycloid arch given parame^lGally 
as follows: 



Sg - C(x,y): x^.^ 3( ^ - sin 9 y -^3(1 - cos 6> 0 < 6> < Stt) 
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These parametric equatloris are 'derived in^ a natural way 
from the ^deflTiltion of the cycloid. These equations ^express 
X knd y in terms of the radlar> measure & of the angle - 
through y/hlch the generating circle has rotated* For the 
detailB see any of the traditional college analyfric geometry 
texts. This same cycloid arch may be given in non-parametric 
^f0pm as follows: 



X = 3 GO 



-1 



X ^ Stt - 3 cos 



or 
-1 



and 0 < y < 



3 

3 



6y - y^ 



Of course this Is less useful and more difficult to handle than 
the parametric equations. And who in the world would ever 
discover these non-^parametric equations without first finding ' 
the parametric equations? 



11. 
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Answers to Illustrative Test Items 
. Chapter 8 



1. 



B (-8,7) 




^6,2) 



■ v l I /I 4-^ x 



(a) D = 



(b) rt^ = 2 - _ 6 3 

"to ° T - r-ffT = tI " " "I • m = -1 

- ^ ^ - AC Id 

(d) 4 ABC Is Isosceles ^ because la the perpendicular 

bisector of AO' . 



(e) BA = - (=8^ a + (a = 7)2 = ^196 + 25 = 
BC = %/(2 - (=8)) 2 + (_4 ^ -7)2 ^ ^100 + 121 = 

(f) AC = C(x , y). X = 2 + im , y = _4 + 6k , k is real) 

or. any equivalent form. 

"ir+~H '"- f - 7^"' any equivalent Tomi. 
(h) If: y ^ 0 - for a point of "ac*, then -4 + 6k = 0 , 



c,.':^)olht la 
(i) y = 7 = |(x = (=8)) 

(J) , 13) 

(i<) (-12 , ^1) • 



. Then X s 2 + 4 
. 0) . . 



S 14 

3- ° X 



Intersection 



J 



(a) 
(o) 

(a) 

(c) 
(d) 

There 
ABGD 



12 

2': 

Rectangle 
Rhombus 
Rhombus , 
Square 



(e) - Rectangle 

(f ) Rhombus 
(g*) Square 



is a coordinate system which assigns to parallelogran 
the coot^dinates as siiown. 



DCbpi 



C(04t,c) 



Part I* Given Dd ^ AC j to prove ABCD is a rectangle, 
^Proof : DB ^ AC implies 



2 ^ -2 .via . b)2 . -2 



2 2 
2ab -f + c 



or 



? - 2 2 " ■ 

-i- . 2ab + b - + G or 



-ab ab 

QV, since " a ^ 0 ^ -^b = b , 

or b ^ 0 , 

or D is on the y=axls^ 

or Z^'^^ ^ right angle J 

or ABCD is a rectangle. , 

Part II. Given ABCD a rectangle, to prove BD = AC , 

Proof: ABCD is a right angle. Therefore D is in the 
,^ y=kxls, and 0 . 



Therefore AC ^ya; + and BD ^ y a + c 



, so AC ^ BD 



11 



-15 '-t 



(a) 
(b) 
(o) 

(a) 
(b) 
(o) 



P = (-1 4 • 3 2 
P*= (-1 + 4(^3) , 2 
P = (=1 +■ 4 



100 



• 3) = (11,^4) 
(=3^ = (^13,8) 



Horizontal 

Oblique 

Vertical 



2^2- 100) - (399,-198) 

(d) Oblique 

(e) Horizontal 



M 



B(2a,0) 



The line containing the 
median of a trapezoid 
bisects each of its altl^ 
tudes. Proof. Let ABCD 
be the trapezoid. There 
is a coordinate system 
which assigns coordinates 
to A, B, D as ln= 
dlcated. Then thje - 
coordinates of the endpoln^s 

F and E of the median are as indicated- If MN is - 
perpendicular' to AB and has its endpoints In the lines 
containing the parallel sides of^ ABCD , then TO is an 
altltuSe of ABCD . In terms of coordinates, MN Is an 
altitude if and only if M ^ (x,2c) and N - (x,0) , 
for some x . The midpoint of MN is therefore c) ] 

Since FE; is [(X,y)i y ^ q , ,x is real) it follows 




that' the midpoint Is on "FE . 

ABCD is a rectangle with 
coordinates as given, BP AC. 
We are required to find /how 
far along W , P lies, 

X SOk , y - 15k 



AY 



m ^ [(x,y): 
Slope of BP 
[(x,y)i 



c(ao,i5) ' 




A (0,0) B(?0,0) 

and 0 < k < 1] , 



20 

^ - 15 
X ^ 20 



15h ; V - 20h 



and h 



is real] 
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Then there are real numbei's k and h such that 
P ^ (x,y) ^ (20k, 15k) ^ (20 - 15h,20h) , ^ 

Then 20k ^ 20 15h .and 15k ^ 20h , 
or l6k ^ 16 - 12h and 9k ^ 12h , 





Then 2^k 


- l6 


• 


K 


16 
25 




AP 

and 


16 




2 5 


Alternate 


solutionj using 


slopes 


- m 

AP 


AC ' 20 ' 


3x 

y - Tf 


m 

BP ' 


= _ : i_ . ^ y 




AC ^ 


3y ^ 


^ -4(x = 20) - 






) ^ - ifx + 80 , 




9x - 
25x ^ 


^l6x + 320 
320 




X = 






k ^ 


5 l6 
X ^ " '?5 ' 


Thus' 



4 



AP „ l6 
AC 15' 



Alternate solution ^ using Pythagorean Thaorem and 
proportions of a right triangle. 

(1) AC. - /(AB)^ + (BC)^^ - A^of + (15)^ - 25 

(2) (AB)^ - (AC)(AP) 
(20)- - 25 * AP 

16 - AP 

(3) M.M 
AC 25 ' 



1 
/ 



^ Answers for Illustrative Test I tarns 
Chapter 9 



(a) 


- + 


(h) 


0 


(o) 


0 


(v) 


0 


(b) 


0 


(1) 


0 


(P) 


0 


(w) 


+ 


(c) 


0 . 


^ (J) 


+ 


M 


0 


(x) 


0 


(d) 


+ 


(k) 


0 


(r) 


0 


(y) 




(e). 


+ 


(1) 


+ 


(e) 


0 




0 


(f) 


0 


(m) 


0 


(t) 


+ 






(s) 




(n) 


0 


(u) 


+ 






(a) 


Npt 


necessarily. 


cannot 


be proved "perpen-- 




dlcular to 


plane 


ABK 


on the 


basis 


of Informa- 


» 


tion given. 












(b) 


Yes, 


by Theorem 9 


-1. 








0) 


Six 


planes: 


ABK 


. ABQ 


, ABH 


, ABR , 


ABF , and 




the 


plane perpend 


icular 


to ^ 


1^ at 





(a) ^ \ \ ^ ^ since planes perpendicular to the same 

line are parallel. (Tlieorem 9^9) k 

(b) ^WK^I l^ftF* by Theorem 9-6. 

(c) Right angles. In a plane^ if a line is perpen- 
dicular to one of two parallel lines ^ it is 
perpendicular to the other. 

This follows from Theorem 9-l8. 

Points F> A, D determine a^plane; for if . they were 
collinear, the line containing them , and the line *Bc' 
would determine a plane containing all four of the 
noncoplanar points A, B, D . Then W Is 
perpendicular to plane DPA , by Theorem 9-2 (or, by 
Theorem 9-l8) . * - 

Two lines perpendicular .to the same plane are 
parallel J and any two parallel lines are coplanar . 
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12, 



Since- *AB*^ ^ ahd ^CD*J[ ^ by hypothesis, *AB* | |*CD^ 
by Postulate 25. ^Thus A, are coplanar, 

and BADC Is a quadrilateral. Since ^AB*'J_ ^ and 
CD 1 ^ , each of the angles /BAD and £CDA is a 
i^lght angle. Since \ \^ toy hypothesis, AB 
and QD by Theorem 9^10* Hence each of the 

angles £ABC and £BGB is' a right angle. ^ 
Theorem 8-20, the quadrilateral BADC - is a rectangle 
% Theorem 8-25, AC ^ BD , 

(a) M" ^ (d) (v) , 

(b) (u) ■ (e) (s) 
(r-) (f) (t) 

A point Is In the xz-plane If and only if its 
y-coordlnate is 0 * Therefore, 4 - 2k ^ 0 , or 
k ^ 2 . Hence the required point has coordinates 

(4,0,6) , : 



10. AB -/^/So and BC ^ i/2b . Therefore, ^ABC Is 
isosceles by definition* ^ 

11, A point Is In the xy-plane if and or>ly If Its 
z-GOordlna:te is 0 . Therefore, points In the 
xy-plane whicl^ also lie in the plane whose equation 
Is 2x - y + 2 ^ 7 lie on the line of intersection. 




2x - y - 7 



13. Using the equation of a plana ^ ax + by + cz ^ d , 

and coordinates of points A, B, C, we have the 

following equations to solve for a, b, and c In 
terms of d , / ^ ' 

. a + 2b + 5c = d * 

b + 6c ^ d 

2a + c ^ d 

P 1 1 

a-'ld, b^-^, c^^ and an equation of the 

plane becomes gx - y + z = 5 . 
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Proof, without coordinates, 




Use auxiliary f segment s """ RB and WP 



statements 



1 . 
3. 

4. 



ARAB ^ ^WHF , 
RB ^ WP , 

RV ^ VW . 
£ym ,and £VWF 
are right angles, 
^VRB & AYW . 
VB - VP . 



Reasons 



1. 

2. 

3. 
4. 



5, 



R(2o,0,2q 



Proof J with Goordlnates, 

Choose the coordinate axes 
so that vertex H Is at 
(O^O^O) and vertex S 
at (2a,2a^2a) , where 
2a Is the length of - 
each edge of the" cube. 
The coordinates of V ^ 
the midpoint of W j 
will be (a, 0,2a) . x 
Using the distance formula. 



Definition of congrueHce 
for tr*langles. 
Definition of midpoint. 
Definition of line 
perpendicular to a line. 

Definition of congruence 
for triangles, 
J* 

A 




8(2a,2a,0) 



VB ^ l/a- + + 4a^ m 3a 



VP ^ v4^^ + + 4a^ ^ 3a 
Therefore, VB - VP . 
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Answers to lilustratlve Test Items 



AB „ 
BC f ■ 

m 

AC 



Chapter 10 



"BA , 

[-1,5]% M - [1,=5J 

1-6,-1] ^ [6,1] 

[-5j-6] , - [5,f] 



3 . 


(a) 
(b) 


[1,8] . 
[5,6] . 




(c) 


1 . 




(d) 






(e) 






(a) 






(b) 


( bTc) . 




(c) 


(C,B) . 




(d) 


(D,B) . 


5. 


(e) 


(D,A) . 
3] . 


6. 


[0,0 


] = "0 . 


7. 


(a) 






(b) 




8. 


(a) 


[=2, =4] . 




(b) 


[6,2] .. 




(d) 


[-5, =2] . 
[5,^0] . 


9. 


(e) 


[0^. 
-2 and y = 3 



10. 12 , 

11. No, this does not imply that AM | j MB . 

12. Yes, the magnitude is equal to the length o 
segment , 
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4. ^ 



12^ 



(b) /r-'Ar 



13. .(a) b = 2a 

15* . (sT Thmy muBt datemlna rays, 
ih) Thmlr magnitude a must ba aqual, 

J^. [6,8] , §R m [6,8] , > 

TOier^foM^ we must have a parallelogram slnoa a 
pair a^' 9pp0Blte sides are parallel and equal, 

17. PQ ^y[3^2] , SR ^ [3/2] , thus we have .a jimrallelo- 
^am,. Also /® b [=2,3] and ^[3,2] I [-2,3] 

^ _ r 
^ .-6 + 6^0 • Therefore two adjaeeht sides are 

perpendicular. Hence we have a reqtangle, since 
we have a parallelogram with a right angle. 

m ^ [2, =6] , RS - [6,2] , and since 

f2*,^fi] • [6,2] - 12 - 12 - 0 , the lines are 

perpendicular, 

19. Let the rhombus be lettered with directed sepnents 
as shown in the figure. 




Let AD, pC equal [m,n] , 
and AB, DC equal [x,y] . 

Then vj^^ [m,n] + [x,y] ^ [m + x , n + y] , 

and ^ [x,y] - [m,n] ^ [x ^ m , y - n] \ | 

Therefore v^'V2^[m+x,n+y] • [x=m,y-n], 

2 2 2 2 

^ X - m + y - n" , 



Since the, ma^ltudas of [m^n] arid Tx,y] 
are equal , we can say ' 



2 

m + n ^ 



2 2 
X + y 



2 2 2 2 

X ^ m + y = 0 * 

and thus the diagonals are perpendioular* 

Let ti^angle have D, 1 points on SB and 

T # ^ ^ 1 - ^ 

aC respeoflvely such that AD - lyAB and j 

1 ^ _ 
AE ^ -jAC ^ and let the segiientg be directed ae 

ihovm* Thm sapient s represent the Indicated vectors 




or 



Vg = |(v; - V3) and v-^ = - v. 



3 ' 



therefore 



% ' ¥1 



which implies that , DE = ^BC and M | | Ic 
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, Answers to Illugtratlve Test itamB / * | * 

Chapter 11 , ^ 

A, Measures of Angles of a Polygon , 

1. c 7. e . ^ 

2. b , ^ ^ 8, e , 

3. d , 9. a . 

5^* d , 11, b . 

6, a * . 12* a , - 

B* Area Formulas ,- '":^r 

1. 25 . V ' . " 

, ^ 2. ys . V ' - ] 

ab + ■a(c - a) , or"^^ + aCte - a), or ab + as .- £, 



3, 
4. 



Let a be the length of the altitude and 3a 
the length of the base. Then 



3a^ = 147 
a^ = 49 
a = 7 



The altitude Is 7 * The length of the base 
is 21 . ^ ' S , 

5. ' 12 , 

6, CQnslder.the figure to be the union of tri- 
angular regions WTL and XYZ , It can be 
proved that W is the perpendicular bisector 
of W . Hence W and XF are altitudes of 
triangle WYZ and XYZ respectively. The 
area of each of these triangres is 24 . Hence 
the area of WZXY is 48 , 

'7. (a) ad . ' ^ ^ 

(b) |d(a - c) . ^ 

(o) ^(a + o) . 



4 




S, Separate the tlg^jo^m -'^^ . ; *• 
into triwgular reglpna 
by a 4iagdnal» nie ( ^ 

areas af the Fespedtl^i 

1* 

triangles are ^^.^ r 
and -jbgh , ttee 6^ of 
these two areas Is 
|b^h + |bgh - ^(b^ + bg) . ^ 

9. Area AKID - Area AGFD + Area DB^C - Area AGB 

- Area CEB * . 
Area ABCD ^ 23^ + 50 - 42 - 48 . 
Area ABCD ^ 194 , 

The area of the field' Is 194 square rods. 

' Compar3.aQn oC Areas # 

!• Area ^ADC ^ Area ^BCD because the triangles 
have the same^^se 'W and equal altitudes. 
Area ^DOC ^ Ar%a ^DOC • 

Iftarefore, by the addition property of equality, 
we have Area ^AOD - Area ABOG , * 

2.S (a) Area parallelogram SRftP ^ 2 Area . 

(b) Area parallelogrMi SRQP ^ Area ^MTO * 

(o) Area APNS ^ Area ^OTR . 

(d) Areata ^ Area ^SPR * 

(e) Area ^MTR ^ 4 Area ARQT , 

Mlsoellaneous Ptfoblems. 



(See figure at right.) 



/ 2 




2 \. 


/ 2 


1 


2 \ 



43 



(AC = 13 .) 
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3. 4a) 384 . (Sea figure at 
(b) 19.2 (384 ♦ 20 .) 




54 . (| ,- 9 ■ 12 . 


The triangle la 


triangle , ) 




U) 15 1 . (b) 20 . 


iSyS" . (or 


.) ^ 


^^^^ 


4 ^< 






^ • r 





Coordinate B . 
It Sl^e of BG ^ ^ " 
Slope of AC ^ -2 , 

Therefore, BC J_ AB ^ and ^ABC Is a right 
triangle* 

BC ^ ySo j AC ^ , 
I^ierefore, 
A - |( • 

* _ 1 . .ytf™^ 



B(4,5) 



2. (a)' .Rhombus 

Iha ttiagQnals are 
^ p#l^#ndieular and 
bisaet each other. 

(b) 24 , 



fl(0,6) 



A(3,2) 



A - 



A - 1^8 



6 



A - 23 . / 

ThB vertioeB of 
the reQtmgle 
are fleiignated 
by the follow- 
ing ooardinates 



ing oo^d; 
A(-5,^ . 




Area of re a tang e 
ABCT ^ 8l 

Area of AEAT - 
Area of ATCS » 



Area of ARSB ^ 4 . 

K a area of AABC 

- Area of Xmk + Area of Y20J - Area of 

K - (b-a|(r+s) ^ (o^bHs+t) ^ (e^aj(t+r) 

„ br4-^-9i^-aB-HiB4- y^-^-bt-yC-or+at+^ 
K = g ~ 



C(4r3) 



XZCA, 



K = a(t - s) + b(r - t) + o(a - r) 
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Area Relatlona. 



1. 175 . 
S.- 1 to 

3 
k 
2 



3. 

4. 
5. 
6. 



1 

to 2 
times. 

times, 
to 3 , 



7. VS. times. 

6 y 



•6, 

9. 
10. 

11 ; 

12. 



15 

3 . 
8 . 



JBesular Polygons , 
1. 'S^i/T . 



2, 
3. 



3 
7 



' 7 ' ^ ■ 
p = 6o J a = 

A ^ isoyj . 

Polyhedrons .* 

1. 180 . 

2. ' 40 < X < 160 . ' 

3. (a) 5 . ^ 

(b) Tetrahedron (c) 
Hexahsdmm 

Dodecahedron 
lopsahed^on 

^. F + V - E ^ 2 . 

5* 210 + 251^ , 

6. p ^ 5.2 in, 

7. 975 . 

8. 2 to 1 1^ 4 to 1 . 



A 
6 
.8 
12 

ao 
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Part A. 

1. + 11, + 21. + 

^ 2. 0 12, + 22, + 

3. t 13. + ' 23. + 

4.0 14. 0 . 24, + 

•H . 5. + ' 15. 0 25, + 

6. + , 16, + 26. + 

f ' 

7v 0 , 17. + 27* + 

8, 0 - 18. 0 "~ 28. 

9. + "^^9. + 29* 0 
'lo. 0 ao. + ■ " 30. 0 

Part ,a* 



1. 


m /APD 


^-36 - ^ , ^ ^ 


2. 


m AC = 


130 j m m ^ l4o 


3. 


m /CPD- 


* 8o.,| m^^DC - 65 1 


4. 


m /CAl 


-56 


•5. 






6. 


98 




7. 


Radius 


is 3 


8. 




Ttim elr*Qumferenoa of 









c2 



10. mdlus is 
11, 



1 

10 



12. I J A 



68 



13. 2* . 

14. iSir - 36 

15^ (a) ^ s > V (e) or^ V ^/'T- 

(ife) axtarior (f ) exterior 

(q) exterior (g) on S 

(d) interior (h) Interior 

16. 20 %^ 

17/ m 3^ ^ 120 I m kw J area of sector 

XOY = 12ir I area of se©nent — ^ISir - 9 

vl8, Clrcumferenae is 2w ^ ; area Is , 

19. - 2|- square mlletf 

^ 20*: Sid^s'of first pair are -2 ^ ^ of the 

^ second pair 3 and ^ * 

; Jl. ^dius is 15 . jtetio of areas Is ^ 

22, AD - Is 

. 23. 85 feet 

24 . 5 

25. One point. (2,1) . t Is tangent to 

26. (a) (3,1) , (-1,3) 

(b) (1.2)' 

(c) -I 

(d) y a 2x 
(e) 

27. (a) , - 

(b) 3fes. 

(c) N9. 

28. (a) (3,-4) , (-3,-4) 
(b) (-3,4) , (-4,3) 
(0) Same as (b) 

(d) Mo pcdnts of Intersection 
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• ■ Chapter 8 

ANSWIHS - Aim SOLUTIONS 
^ P:go>l^m Set 8^1 

■< 1 * A- ■ — 



(b) 



0 

-I- 



A a 



(o) ^ 



0 



I 3Ae 



A S 



o 

-4= 



.4AB 



A e 



i.AB 

0 ^ 
t • I — ^ 

A P B 



(f) 



I 

OT 



(s) 







A i 




All points 


in thlB ray. " 




— 


0 1 ^ 






A B 


(1) 


^ — — 


All point B in this ray, 

9iO — » 






A B 

0 



A and all points of the interior TO , 

A B . ^ 

All points in the Interior of thli ray. 



' .2. (a) ^ 



' 0 I 2 3 4 5 6 ? 
■ ■■ I ■ ■ m m r » » 



A i 

An InfiAlta eeto^ 



3. 



All Interior polntB of the ray opposite to A^* 

/e) -I 0 I E i 4 

^ ' 4 ^ - - » » » » » » 

A B 

"I 

^ . . ■ . . # 

6 points , * 

(d) ; -3 . _ g i ^ 

^ ^ ^ _ _.o 1 a • — - - - - - - — ^ — ^ 



A B 

The interior of a segnient and one endpolnt . 
The set Is Infinite* 



(a) *5 -I 0.1 

^ ' < If T i l l 



A S 



(f) 1, The set In (b) is the interior of a ray* 
2* The set In (d.) Qonslsti of one endpolnt 

Mii the interigr of a sesnent . 
3, The set in (e) is a sepient* 



0 I 



A B C 

(a) 6 
(to) 15 ^ 

(c) 3k for k > 0 * No values ofy'x for k < 0 

(d) 7 ^ 

(e) £k +^ 1 for k ^ | , 

2k + 1 or 1 - 2k for Q £ K£ ^ ^ ^ \ 



W» 



ERIC 



^. (a) 3 "^e) 

(b) 1 (f) 3 

(e) 8 (g) 2a 

(d) 13 *(h) a - II If a > t 

t - a ^ii* b < a, • 

5. M " '''l 

(a) 7^ , 6 , s 

P , T, M T, Q 
— • ' mm. 



6 7^ 9 12 



s 



p 



-10 -7 -gi" -4 -10 

(c) 3 , ■ 4 ' 8 

P " T| M 79 , b 

-2 0 3 5^ 8 13 

(d) ^ + ^ + ^i^=r^ 

J' P "T| M ^ Q 



3 1 3 



(e) r , (r + a) , (r + a) - ^ 

^ P T| M T2 Q 

r+a r+l r r- %. r-o 



(f ) r + b + 1 , (r + b - 2) + 2 , (r »■ b - 2) + 4 
r + b + 1, r + b, , 'i' + b + 2 



r+b-2 r+b r+b+2 ri'b+4 
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6. (a) 



(c) Lett 



and 



Letter 


Row* Seat 


(b) L«tt«z> 


\ Strsbt. 


Avenue 


A 

A 


N , 3 






A 


11 


# 


8 


B 


M , 4 






B" 


- 10 




. 6 


c. 


L * 5 






C 


9 


*=- 


9 


D 


N , ? 






D 


8 


$ 


5 


1 


M , 2 






1 


11 


f 


k 


F 


L , 6 






F 


7 




k 


a 


N , 5 






a 


' 8 




10 


K 


L , 1 






H 


6 




7 


Letter 


Floor,. 


Row* ^ble 










A 


J * 


1 


, 3 










B 




2 


, S 










/* 
w 


2 , 


3 


, 3 










D 


1 , 


2 


, a 










1 


1 , 


2 


, 4 










P 


3 , 


3 


, 2 










Q 


2 . 


1 


1 








i 


H 


1 , 


1 


, 4 




















Problem ( 


m) adds 


Lettar 


1 or 




N or 


s 


Elevation 


A 


0° , 




0° 




5000 


ft. 




B 


45° 1 , 




45° N 




5200 


ft. 




0 


45° W , 




70° S 




5^00 ft. 




D 


20° W , 




45° N 




5600 ft. 




1 


90° E , 




45° N 




5800 ft. 




F 

/ 


20° V , 




0° 




6000 ft* 




Q 


45° 1 , 




0° 




6200 


ft. 




H 


90° E , 




70° S 




6400 ft. 





-^-fef4 



Problem Set, 8-2 



•(-3,2) 



' 4 ' ■ ■ ' 



•{3,1) 



(1,0) 
2 3 4 a 



-5 



(a) ' (5.0) . 

(b) (0,6) 

I Ill , II , IV , II , 

It meanm that for every ordered pair of real niunbers 
there oorresponde a unique point and for every point 
there correepondi a unique ordered pair of numbers. 

(3,2) , (3,5) , (3,8) / 
P , R . , ft . \ 

The Btt 1b a vertical line whloh intereeote the 
x-^le in a point whoie coordinate Is 3 * 

me eet la f hc^lzontal line which InterseetE the 
y-axls in a point whose coordinate is -5 . 

. I 

They intersect in the point (3,-5) • ' 

(a) 7 polntSp 

(b) 3 points. 

( c ) 1 5/f»o int s . 



(d) 8 polrits. 



8. (a) 



I I — I I I 

-5 



+ t 
+ + 
+ + 



5 



(1.2) (5,2) 



a se^ent 



{1,2) 



_i 1 

I 2 



a ray 



1 ' I 
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(c) 



1,2) 



a ray 



7 1 



(e) 




a halfplane vflth edge 
f{4,S) 



I I > ' 



the interior of a 
segment 
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the Interior of a ray 



(s) 



(h) 




the Interior of a 
right angle togethe 
with the Iriteridr o 
one of its sides 



halfplane 



10, 
11. 

*12, 

13. 



(a) k units. With respect to the x-coordlnate 
syeter^ on the x-axls the Ruler Postulate may 
be applied. 

(b) CD ^ U . Consider A - (3,0) and B ^ (7,0) 
the respective projaotions of C and D into 
the x-axls. Quadrilateral ABDC is a 
parallelogram. Therefore CD = AB ^ ^ . 

(2,-3) , (^1,-1) , (3,0) , (0,1) , (-5,^) , (8,6) . 

(=Tr,6) , (-3,4) , (0,8) , (2,0) , (7r,^2) ,-(4,-3) . 

(d) b - a if b > a 

(e) t ^ 5 if t > 5 



13 
.13 
4 



a - b if b < a 
5 - t if t < 5 



(a) 
(b) 
(c) 

(a) 'Hie set of points In Quadrant IV 

(b) Poiifts in Quadrant I or on x-axls and to the 
right of the origin. ^^^-r 

(c) Quadrant III* 
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(d) The Hlght halfplane whoae edge is a vertical 
, line 2 units to the left of the y^axls. 

(e) At an intersection of a line x = a and a 
line y ^ to # where a and b are Integers, 

(f) Any point in the xy-plane. 



(d)f 



■ ■ ■ t i V 



-14 -[2-10-8 -6 -4 -2 



-2 
-4 

-8 
-10 

-14 



(q) 



;o,4) 



i 4 6 6 10 12 14 



*15. (a) - (3, a) 



(b) (1,^4^) 



(d) ( ^ g ^y^) 



The point Is In Quadrant III^ 7 units from the 
y-axis and 8 units, from the x-axls* 



Problem Set 8=3^ 



(a) ^"36 > 100 - ^136 (g) ^1521 + 6400 ^ 89 

(b) ^36 + IpO - 4/136 (h) yiOO. 



25 - 4/125 
(i) 4/25,^ 16 ^ 
(j) -1/16 + 9 = 5 , 
(k) 4/4.84 V l.Sl =,4/6.05 



(0) , 4/25^ 144 = 13 
(d) 4/49 + 576 = 25 



(e) 4/64 + 225 = 17 
jf) ^1 + 1 = 4/2" 



(1) 4/e 



TT 
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(a) (3,5) ' (e) {:'5,a) 

(b) (-3,5) (f) (2a, 2) 

(o) (3i,8) (g) (=r,3s) 

(d) (- |,|) 

(a) (xg - X3^)2 + (yg - y^f 



(b) (x = or + iy - 

(a) /9 + 16 =" i/ff 

l/9 + 0 = -(/r 

y'O + 16 = 4/TS" 

(b) 1/121 + 9 = -i/^ao" 
yi + 25 = 

(c) 4/36 + 64 ^./j/Too 
4/64 + 16 = 



V'l + 49 



O)"" = 25 



25 = 9 + 16 



130 = 26 + ,104 



100 = 80 + 20 



(d) ^16 + 9 - yff 



50 = 25 + 25 



v^g + 16 

(e) 1/484 + 16 = 
1/36 + 144 = -^^Bo 500 = 180 + 320 
i/256 + 64 = ^/flo ' ■ 

(f) 1/16 + 36 = 

4/81 + 36 = ^v^IT 169 - 52 + 117 

4/169 + 0 = v^l69 

jft) AC = 4/25 + Iff J BD = 4/25 + T6 

(b) Midpoint of M is (|,2) . 

■ / *: 

Midpoint of 15 Is (|,2) , 
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6. Midpoint of BC is (1,2) . 
Length of median to is ^/TO , 

7. (a) Length of median to M is ^ . 

(b) Langth pf median to WS is i v^fF , 

8. i=L^ \ Q^) = (3,2) = C 



AC 



30 ^ 2y^20 j AC 



CB 



AB 



9. (a) AB - /Ug + 8i ^ y^io 
AC ^ y'g + 121 ^ yiio 

(b) Length of median to AB is ^j/(3 = 



r)^ + (0 - #) 



10. 



Length of median to AC is + l)^ + 2)^ 

AB ^ v^l6 + 36 ^ ^ 2 yCT 



170 



BC - 4/4 + 9 ^ /i3 

AC ^ >/36 + 81 ^ /iTT ^ 3 

AB + BC ^ AQ J A, B, C are colllnear since they 
cannot be the vertices of a triangle* See 
Theorem 6-^21 . 



11, 



+ (y 


+ 


2)2 = 


100 










(y 




2)2 = 


64 










(y 


+ 


2) - 


8 


or 


y 


+ 2 - 


-8 






y = 


6 


or 


y 


^ -10 




+ (0 


+ 


6)2. 


100 
















64 










X 




1 

X ^ 


+8 

9 ^ 


or 
or 


X 


- 1 ^ 


-8 
-7 



Two points satisfy the requirements i (0,9) and 
(0,-7) . 
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BC - -/(a + b ^ a)- + (c - O)^ - y^b^ + . ^ 
One diagonal ^ /[a - (-a)]^ + [a - (-a)]^ 

- ^a^ + 4a^ 

Other diagonal ^|/(-a - a)^ + [a - (-a)]^ 

- /4a- + -4a^ 
Therefore the diagonals are epngruent, 
xy-systemf P(-8,a) , Q(4,-3) 

PQ - + 25 ^ 13 

x»y« -system= P(-6,-4) , Q(6,l) 

Yes, as long as the coordinate sys^eto on each of 
the axes is established with referehSe to the same 
(or equivalent) iinit-pai,rt 



Problem Set 8-5 \ 



(a) 


IV 


(g) 


11, IV, the empty set 


(b) 


III 


(h) 


1, II, III, IV 


(c) 


II 


(1) 


I, IV 


(d) 


I 


(J) 


IV 


(a) 


II 


(k) 


11 intersected with the lin^ 


(f) 


I, III, the 




through the origin bisecting 




empty set 




the angle formed by the side 








of Quadrant II, 



2. (a) (0,-3i) , (0,3|) . 

(to) , (8,0) or (^8,0) . (U.O) . 

(c) (0,0) , (0,r) J (0,0) , (r,0) ; (0,o) , (-r,0) j 
(0,0) , (0,-r) . 

(d) (-i*,5) , (4,5) . 
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<=) (-^.o),(o.^),(^,o).(o,^,, 



Note that ,-_5_- = 5 

(f) Indpoints of , AB ^ (0,0) , (0,6) or 

(0,0) , (0,-6) . 

Endpolnts of W : (3,2) , (3,8) or 

(3,2) , (3,-4) . 

(a) (-3,0) , (3,0) , (0,4) . 

(b) (0,2.5) , (0,^2.5) , (3,0) . ' 

(c) (=3,0) , (3,0) , (0,4) . 

(d) A = (0,0) , B = (7,0) , C = (10,5) , 
D = (e,5) , or 

A = (0,0) , B * (-7,0) , C =. (-7 + e,5) , 
D « (e,5) . 

(a) C = (0,0) , B = (-10,0) , A = (0,21). or (0,-21^ 

(b) A = (0,0) , B - (4,0) , C = (2,3) or (2,-3) . 

(c) A = (3,2) , B = (3,-2) , C = (0,0) . 

(d) A = (-5,0) , B= (5,0) , C = (CSi/J) ; or 

A = (5,0) , B = (-5,0) , C = (0,5^/3") . 

(a) A = (0,a) , B = (-b,0) , C = (0,0) . ' 

(b) A = J0,0) , B = (b,0) , C = (|,a) . 

(c) A - (a,|) , B « (a, - |) , C = (0,0) j or 
A =. (a, - |) , B ='(a,|) , C «. (0,0) . 

(d) (- |,0) , (|,0) , (0,|-v/J) . 
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Problem Set 8-6 



1. 

2. 
3, 



Problem 1 Is an exploratory problem designed' to 
Introduce the work In the next section. It should' 
not be omitted p 

The lines are both vertical, hence parallel ^ and 
4 = (^4) ^ 8 units apart/ 

(0,3) , (it, 3) , (-2>3) , for instance, , 



y»3 



x*2 



(0) 



The union is the set of all points each of which 
lies in one or both of the two lines. Yes, 

The intersection is the set whose only element is 
the point (2,3) , Yes. Yes, 

(a) ' (b) a line segment 



3 
2 

I t 



(a) 



2 3 



(c) an infinite number 



7. (a) AiW 



I i 1 I I # I 

-2-10 I 2 B 4 
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(b) A haltplane 



(c ) Two. rays 




(d) Two halfplaneE 




5- 



8. (a) 



The union of two 
intersecting half- 
planes and the ed| 
of one of them* 



[(x,y): X > 3 
y < 3) . 



or 



(b) 



The, union of a 
right angle and 
its interior, 

{(x,y): X £ 2 
and y > =2) . 

or 

{(x,y)! X < 2 , 
y > -2] r 



6- 

At- 
3-- 

2- 

I - 

0- 
^1 - 
^2- 
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(o.) The union of a 
right angle and 
its Interior, 



(d) The union of a 

rectangular region 
and three of Its 
sides (except for 
two endpoints). 




2 3 4 5 



9. - (a) [(x,y): y = 7 or y = 

(b) [(x,y): |x| = k] or [(x,y): ,x = or x = k) 

. (c) [(x,y): X * -5 , y = 3) . 

C(x,y): y = 0} . ^ 

Let p(x,0) be in 
C(x,y): y -= 0} . 

Then (PA)^ = (PO)'' + . (OA)^' 

^ + (-3)- - X® + 9 
and (PB)^ = (PO)^^ + (OB)^ 

= X- + (.3)^^ . 

and PA ^ PB * 




B «0,-3) 
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Converse: '^Let P(x,y) be so located that PA = PB 
"Then AOAP = ..AOBP by S.S.S. Then /POA = ^POB . 
Hence -OP 1 AB , y - O , and (x,y ) e ( (x,y ) • y = O) 
10. Sets are equal .If and only if their Gondltlons 
are equivalent. 

(a) The two sets are equal since their conditions 
are equivalent ; 

(b) The two sets are equal since^ using properties 
of orderj the conditions can be shown to be 
equivalent. ^ . 

(c) The two sets are not equal since proper use 
of order properties Indicates that the 
conditions are not equivalent, 

(d) The two sets are not equal. The eondltions 
are not equivalent because -2x + 4 < 8 is 
equivalent' to > -2 . 

(e) The two set'lf^J^^jiot equal. Every negative 
number Is an e^roenf of [xi 6 > 3x) while no 
negative number Tg an element of [x: ^ > 3) , 

^11. (a) k - 2 i t ^ 2 . Parallel lines cut off 

proportional segments on two transversals, 
k« ^ 3 J MO ^ 3MN . 

(b) 4, If, 12 , 

(c) 5, 2, A'C» - |a'B», I . 

(e) Parallel lines Intercept proportional segments 
on two transversals, and the definition of the 
length of a segment . 

DP* ^ 0A» + A»P» ^ X ^ 2 + 2k . 

(f) Same as (e), OP" - OA" + A"P" ^ y ; 
y - 3 + 2k . 



1 ^ 
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(g) (l) P lies in ray AB*, such that B ^is 
between A and P , 
Is) P - B * 

(3) P lies In M , hut P A and P ^ B 
(U) p lies in the ray opposite to AB^, 
(5) P - A , 



Problem Set 8-7 



(a) 




^ C(x,y): 


X ^ 


1 + k , y ^ 4 + 2k / k Is real) 




AB a 


C(x,y): 


X ^ 


l+k,y^4+2k/0<k<l), 




AB^= 


C(x,y): 


X ^ 


1 + k , y ^ 4 + 2k , k > 0] • 




Ray 


opposite 


((x,y)l X ^ 1 + k , 










y ^ 4 + 2k, k < 0) * 




*AB*^=a 


[(x,y)^ 


X ^ 


-1 + 3k , y ^ 3 = 3k , k is real) 




AB - 


[,(x,y)! 


X ^ 


-^1 +- 3k , y - 3 - 3k , 0 < k < 1] 




AB*"* 


C(x,y)i 


X = 


-1 + 3k , y - 3 = 3k , 0 C k) . 




Ray 


Opposite 


((x,y): X ^ ^1 + 3k , 










y - 3 - 3k , k < 0) . 


(c) 


*AB*= 


C(x,y)! 


X = 


3k^^ y = 2k , k Is real) , etc. 


(d) 


*AB*= 




X = 


1 + 3k , y ^ 1 + 3k , 
k is real) , etc* 


(e) 




C(x,y): 


X = 


-1 + 2k , y - 3 ^ 5k 
k is real ) , etc , 


(f) 


*'ab*= 


C(x,y): 


X = 


-3 , + 3k , y ^ =2 + 3k , 
k is real ) , etc 


(s) 




t(x,y)! 


X - 


a + (c - a)k , y - b + (d -b)k,, 
k is real) , etc. 


(h) 


^= 


C(x,y): 


X - 


a + 2ak , y ^ 2a + 2ak , 
k is real) , etc. 



■ i 

2. The midpoint of C(x,y)i X = 1 + k , y - 4 + 2k , 
0 £ 1} is (1 + k', 4. + 2k) with k = i , 

f-- 
[2' 



or (C 5) . 



3k , 


*3 = 3k) 


(d) 


(2.6, =6] 


(e) 


(0,0) 


(f) 




(d) 


(=2,-U) 


(e) 


(9a, 5b) 


(f) ■ 


(=3r',7s) 



7 ' 



The midpoint of {(x,y)'" x = -1 Sf 3k , y = 3 = 3k 
" ■ 0 ^ k < 1] is (-1 + 3k , '3 = 3k) with k - i 

°^ (|' 1) 
3. (a) (8,12) 

(b) (- ^, = |) 

(°) (^, 0) 

^. (a) (16,0) 

(b) (7,4) 

(c) (8,7) 

5., (1, |) J (2,2) , ■ ■ 

6. (§, - |) . 

7. (a) X = -1 + 3 . 2 = 5 , y = 3 - 3 . 2 = =3 , ' 

■ (5,-3) . , 

(b) ' X = -1 + 3 • 100*= 299 , y = 3 = 3 • 100 = -297 , 

,(299,-297) . 

(c) x=-l+3v^=3^-l,y=3-3-j/^, 
] (3 /3" - 1 , 3 - 3 y^) . 

5*. (d) X = -1 + 3Tr", y = 3 = 3Tr , (-1 + Stt ,;3 - 37r) . 

8. (a) X - -1,* 2(=2) = -5 , y . 3 _ 5(.2i = 13 , 

( = 5,13) . - . 

(b) X - -1 + 2(*.20) = =41 , y a 3 - 5(=20) = 103 , 

(=41,103) . 

(c) X = =1 + 2(-3.5) ■= =8 , y =. 3 = 5(-3.5) = 20.5 , 

(-8,20.5) . 

(d) X = ^1 + 2(= I) = Jg , y = 3 ^ 5(. i) = 54 , 



(-2.5|);. i\ 
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9. (a) If P is bttween A and B than AP + PB = AB 

that li PB ^ AB - AP . Slno%, AP ^ 3PB , we 

have In this rfKt AP ^ 3(AB A AP) , that la 

- 3 - - ' 
AP = ^AB . ThuB, uilng the method of solution 

of Problems 7 and 8, p = (2, - ^) * 

If B is bttw©4n A and P thin AB + BP ^ AP 

that li PB ^ AP - .AB . Since AP = 3fB % we 

have in this case AP - 3(AP - AB) , that is 
3 

AP = -gAB , Thus I using the method of solution 
of Problems 7 and 8, p = (5^-5.5) * 

If A ^ Is between B and P then PA + AB ^ PB 
Since AP - 3PB ^ we have in this case 
AP ^ 3(AP + AB) , that is AP ^ - ^Iab . 
^t this is impossible I since the distance AP 
' cannot be negative. Hence there are two 
/ solutions P ^ (2, = ^) or (5* -5.5) . 

(b) - Using the ^ame analysis as in Part (a) we find 

two solutions I P " ("5^^ 3") 

(c) P - (11,-16) or (»5,12) . 

(d) P ^ (19^-30) or (-21,40) . 

10, (a) *CD* is horizontal, 

"W"^ ((x,y)i X i -1 + (5 - (-l))k , 
y ^^2 + (2 - 2)k , k is real) 
= t (s^^y) * 3C = -1 + 6k ^ y s 2 , k Is real) , 

If k - 0 , (x,y) - (-1,2) . If k - 1 , 
(x,y) - (5,2) , If k - -2 , (x,y) - (-13,2) . 

. r (b) C(x,y)i X ^ + k(xg - x^) , y ^ a + k(a - a) , 

k is real) 
^ [(x,y)i X ^ x^ + k(xg - x^) , y = a , 
' k is real ) 

^ [(x,y): y - a) , which is the 
horizontal line *CD*, 
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(e) t(x,y)s X = a + k(a - a) , y - + .k(yg - y^) 
k Is real) 

- {(x,y)i X = a , y = y^ + k(yg -^y^) / 
k Is real) 

- ((x,y)i X - a)^, which Is the 
* vertical line ^p*.- 

(a) W m [(x,y); X - 0 i y - 3k , 0 ^ k ^ 1) 
W - ((x,y)! X = 4k , y = 0 , 0 ^ k ^ IJ 

Bff * [(x,y): x*4k,ys3-3k,0^k^l] 

(b) m = ((x,y)j X ■ -3 + 3k , y « 3k , 0 ^ k ^ Ij 

a ((x,y): X = -3 + 6k , y = 0 , 0 £ k ^ 1) 
J:F = C(x,y): X s 3k , y = 3 - 3k , 0 ^ k ^ 1) . 

(a) ((x,y): x=l+ak,y=2-k, k Is real] . 
(1,2) for k = 0 , 
(3,1) for k = 1 . 




••X 



(b) ((x,y): x = 2k , y 
(0,0) for k = 0 , 
(4,2) for k = 2 . 

These are the 
endpolnts of the 
segment . 
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and 



0 < k < 2) 



•(4,2) 



a 34 i 



(o) C(x,y)i X - ^1 + k , y , k ^ Oj 

yields for 
k - 0 I (-1,0) and 
for k ^ 1 (0^-1) 
and these are 

points In the ve^^ ^-k^ 4 
- the first being its 
endpolnt * 



(d) ((x,y)i X - k , y ^ '^k , k < 0) 
yields for k ^ 0 * (0*0) 
the endpolnt of the rayj 
and for k ^ -1 * (=l#l) v 
another point In the ray. 




(e) {(x,y)iHx ^3,y-k,-»2^k^3) 
yields for k ^ -2 , (3,-2) , 
and for k ^ 3 ^ (3,3) , 
and' these ar4 the 



andpoints of th^ 
segment , 





3 

2- 



34 
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13* t(x,y)i x - 3k 1, , y = 3 ^ gk , k ts.r©al} . 

(a) If X ^ 5 t k ^ i' , -f^ 

(b) If 8 , k ^ -^1 , X ^ -4 . 
(o) If X - 29 , k ^ 10 , y - ^47 / 
(d) If y - 0 , k - I , X - I . 

Xe) If X - 0 , k - I , y - I . 

14. D - (|,0) , E - (6,3) , F ^ (3,3) 

W ^ ((x^y)i X ^ I + ^ , y ^ 3 - 3k , 0 £ . 
IT ^ ((x,y)i X ^ 6 6k , y ^ 3 - 3k , 0 ^ k^lj , 

K = ((x,y)i x^|-|k,y^6k,0^ J^^D 

^ N f ~ 

Each of these iegments oontalni ma pelmt (4,2) 
Take k ^ ^ in each case,) 

15. P ^ {(x,y)i X ^ a + ok , y ^ b + dk , k Is real) . 

(a) If e ^ 0 , p ^ t(x,y)i x^a , y^b + dk, 

k Is real J 

- ((x,y)i K ^ , which Is a 

vertical line, 

(b) If d ^ 0 , p ^ [(x,y)i x ^ a + ak , y ^ b , 

k le real) 

- ((x,y)i y ^ b) , which is a 

horizontal line* 

(c) ,If a ^ 0 ^ b , then 

p = ((x,y)i X ^ ck 5 y ^ dk , k Is real) 

If k s 0 , (x,y) ^ (0,0) , which Is a point 
. in p . 
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1. ■ (^r i 

• 2. (a). 6 



Problem Sat 8-Sa 
(f) -1 

(S) 



5 
7 



(1) • • ■ • 

U) -1 . 

(c) =1'^ 

(d) Any real number exoept 5 



Slope of AB 
Slope of M 




slope of "W = Y 



4. 




Slope of M = § " slope of IF . 
Slope 'Of M - - ^ = slope of M 

* 155 



ERIC 



5. (a) Negative (d) Negative; > 

(b) Zero (e> Negative . 

• (c) PMltlve • , • .'(f) PoBltlve ^ 

Positive slope Indicates "uphill" fpom left to 
rlghtj negative slope "downhill" from left to right. 

^* iro^ W * segment from (0,0) to (100,101) . 

Is steeper/ . 1 




(o) (d) (e) 




ERIC 



Thm seoond point In eaah of the praoadlng graphs 

could have betn looattd In ^several wayi* Of eowErp^ 

the- same line would result In every /ease. 




11. 



(a) 


[(Xjy)i X 


- 2k , y - 3k) 




(b) 


[(x,y)i X 


^ 5k ^ y ^ -3k] or 






[(x,y)i X 


« -5k , y - 3k) 




io) 




k , y - iik) 








- 2k , y ^ rk) . 






Problem Set 8-8^ 




M 


Slope of 


"aB*= ^ 1 slope of *CD*= 


3 

H • 




Slope of 


"aD*^ 5 i slope of *BC*- 


5 . 




Slope of 


'aB*^ j elopa of ^D^s 


1 

^ 10 • , 




Slope of 


0 1 slope of "^^^ 


y 

0 . / 


(o) 


Slope of 


'aB*^ ^ J slope of *CD*- 


i- k 




Slope of 


"ad*- - -J 1 slope of *BC' 


- ^ 1 • 



2, 
3. 



2 



Slope of AB = - Y J slope of CD = 
(a) Slope of *AB*= ^ j slope of *BC*= 4 i yes, 



(c) Slope of H ° ^ ' slope of 

yea . 



-100 



- 1 J 



^ s (d) Slope of "^^m ^ m I . 8lop.e of 1 . 

Slope of * 1 i . ' . 



p 


- ((fry)? X - 


3 •+ 3k , 


y - 


k 


s 0 jrteldB 


(3,8) 




k 


= 1 yields 


(6,10) 




k 


-1 yields 


(0,6)" 




k 


= 2 yields 


(9,12) . 




q 


« ((x,y)j X = 


-1 + 4k 




k 


- 0, yields 


(-1,0) 




k 


5= 1 yields 


(3.-3) 




k 


= -1 yields ' 


(=5.3) . 




k 


= a yields 


(7,--6) . 




t( 


x,y) : X = 3 + 


3k , y = 


k + 






fx 


= 3 


Parametric equatlonEi < 










= 4 


(( 


x,y): X = -1 + 


k , y « 


3 - 



{X ^ =1 + k , k le real, 
y ^ 3 - k , k Is^ real . 

6- = f • : 

*CD*= C(x.y): x = 2k , y = -3k , k Is real) , or 
*CD*= t(x,y): X a -2k , y a 3k , k Is real) . 

7. Slope of aA ll = - 1 . slope of b = || = - | . 

However^ k = 0 yields (1,2) In a , 
h = 0 yields (3,-1) In b , 

and - = I ;^ - I . 

Hence a b . 

8. Slope of p is ^ . Slope of q ^ ^ , These are 

eqWl. Also (lj3) Is on p and on . q , So, , 
P ^ q . 
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150 



(sl)^ Slope of m ^ ^ J slope of n = - ^ j m , n 

not parallel, ^liartfore m n interseot 

In one point , ^ - - 

Jih) We seek [(x,y)i x ^1 + 2k , y = 2 + 3k and 
^x^i-2h,y^2+3h|h,k real) 

Hehoe^ 1 + 2k ^ 1 V Sh ^ • ... 

and 

2 + 3k ^ 2 + 3h . ' 

That la, k = -h mnd k ^ h , / - 
So, k * 0 = h-^ whloh gives^ 

((x,y)i X - 1 ^ 2) . ^ . 

So J the polnj of Intersection Is (1,2) * 

Slope M ^ ^ I slope ^ - 1= J slope OT ^ ^ , 

' h ' 7 

ilope AC ^ - ^ i slope W - - ^ 4- slope TO ^ - 10 

W W CD y W W W . The segments are distinct 
since their endpolnts are different. 
Slope 11 - = 4 ^ slope ^ . 

Slope BC - -3 = slope TO and B, C, A are not 
colllnear. Hence ABCD Is a parallelogram* 

% definition of vertical lines, if m Is a vert teal 
line, it is parallel to the y-axls. If n || m ^ 
then n is also parallel to the y-axls and hence 
is a vertical line, (Recall that^ in this text, 
a line la parallel to itself,) 




3 1=1, 

Slope *DE*= !■ = ^ , so *AC* | | *Vh'* 
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slbpe IB*^ -| , It la falee that AMD ds a 
. parallelogram, 
(b) Slope p5 * I , 
aldp^ ^ ^ = i ^ 
Aslope RS ^ , ^ 



slope IF ^ = i , It is true that PORS is 

parallelogram. 

n - 0 _ ^'i _ gn - 0 
O - an ^ I" " 0 - bn * 

If *PQ* I |*R^ then either they both have the same 
slope or both? ire vertical. In eaee they are 
vertical a ^ and ba4^go a^b-1 

V 1 

In oa^a thay have the same slope j g ^ ^ = * 

that^s 4-b^3-a or a^b-1. On the 
other hand if a ^ b - 1 4 - b ^ 0 then 

" 4 ^ (a + 1) " ' l"^- ^ 

Further, if a ^ b - 1 and 

4 - b ^ 0 ^ than b ^ 4 and a ^ 3 and both lines 
are vertical and agaia | | . Purthermore, in 
case '*P^| r*S?'*'*P^-*ra^ if and only if "^^1 {"^^ 

Now, slope 3 ^ ^ . So "^^1 implies 

3 = j \- or a ^- b . Bit a - b - 1 , so 



Problem Set 8-9 
(^) .f^ ' (e) f^^ 
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2. (a) y - 0 - |(x - 0) 

(b) y - 5 = 1 (x - (-3| , • 

(c) y - 7 - - I (x - (-2)) 

(d) y - (-2) = 2 (x - (-3)) 

(a) y - 2 - -1 (x - (-3)) 

(f) y - (-5) - 3(x - 0) 

3. y - 8 - - |(x - 5) * 

f.\ X - 0 y - 0 -2 

(b) - , or y ^ 

(c) 3 I Q * f " Q , or y = |x (Midpoint of 

= (3,Jt)) 



H3 



(d) £ = y I , or y = -X + ^ ^Midpoint of 

1 " 1 II = (^,3) I mid- 

point of 

m - (|,1)) 

(e) |-=4 = , or y = -x + 7 

(f) {(x,y)i y = xj 

'*K*= ((x,y)i y - 2 = -(x - 5)J 
Solving thase equations 

(1) y = -X + 7 

(2) y = X 

7 7 

y ^ -g- ^ X - -g , therefore the point of 



intarseotion Is 



6oo 



(a) 


, y 


- ^ 


(b) 


y 


- km 


M 


y 


-< 4 = 


(a) 


y 


- 4 = 


(e) 


y 


- 4 =^ 


(f) 


y 


- 4 s 




1 

f 





2(x + 2) 

K + a 

0 

+ 2) 
|(x + 2) 

3/_ . ^ 



Hence, P || s q || r . 

(a) Interseet In one point sinoe p ^ q and p ,^q 

(b) p ^ q ilnot P I I q and the point (8,0) Is 
on both p and q , 

(o) P i-l q since slopei are the same but p q 
since (8,0) Is on p but not on q 

It isXthe equation of a line sinoe It Is linear. 
Further It contains (a,0) and (Ojb) since 

f-.§.l and . . 

If X ^ 0 # y ^ b , Hence the point (Ojb) is on 
the line and this is the point of the y-axls which 
is on the line. If x^l,y=m+b. Hence; 
(l,m + b) is on the line. The slope of the line 
Is determined from (0,b) and (l,m + b) as 

m 4wb - b _ ^ 



Probljim Set 8-lQ 
P 1 r i q 3 , 

(a) - I ^ (o) I 

9 



(b) I (d) - I 



6oi 



3. |^.|,.|^..|, ■ 

e, m m -6 - i ^ -a . „ 1 b + 6 

^ irtiloh yltldi b - 5 = 2(b/+ 6) or b ^ -17 • 
6. (1) For k = 0 , both and gpntaln (l,2) 

(2) m ^ ^ ^ m ^ w Hthoa (m -^^fm ) _i 

^ ^3 ra w 

7* *CD*^ {{x,y)'sx ^ -2 + 3k , y ^ 2 + 4k , k is real) 
8. (a) {(x,y)i. x^3 + 4k,ysS-k, k is real]' 

(b) {(x,y)s X * 3 + k y + , k Is real} 

(c) {(x,y)i X - k , y - -3k , k Is real) 

(d) ((x,y)i X = 3k , y = k , k Is real) 

(e) m m .3 ."W- {{x,y): y - 2 = -3(x - 3)) 

Be 

h ' i(x>y)t 7 - ix) 

(D) - t{x,y)i y a -3x + 11 and* 3y = x) 



(D) a ((x,y)i y = -3(3y + 11) and 3y « x) 

D) - t{x,y)? y 

P ^ /33 , llN 



C m - t{x,y)? y - i§ and Jc - f§ 



in ^ ^2 s m ; m ^ i ^ i n j 

(m _)(m__) ^ -1 J therefore /B ie a right angle. 
If M 

(m_ )(m ) « -1 j therefore /G is a right ^gle, 

(m )(m ) ^ -1 j therefore /D is a right angle, 
OT IE 

(m^ )(m ) - -1 J thertfore /A^ is a right angle. 
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10. (a) ((x,y)? 31 - a + k , y - a - k , Ic is real) 

(t) ((x,y)i 2 - k , y « i + 2k , k !■ real) 

(c) C(x»y)s 3l«k,y»2-Jc, k is real) 

' (d) tTK»y)V x"- 1 + bk , y • ^ - ak V k Is rial) 



It. 





d 

0 


- a 


If a 1^ 0 . 




a 


- c 


« - a 


" a 


- % 





If a ^ e , p is a vertiQal line and q is a 
Hsriiental lina* 



^3 



f d ^ b , p ia a horl^ofttal line and q is a 
rtieal line. 



12, 



(a) X ^ I 



iJ, Plot A(3^5) . TOirough A draw*a horizontal line 
and on it locate 0(10^5) , Through D draw 
vertioal line and on it looate E(10,l) , 

\ is the required line, (i^^^^ ^ j "J *) 

14, (a) m ^ -2 . Plot S(6,-a^ . is the line. 



Plot T(7*l) . ^T^is th© line, 
15. p ^ ((x,y): x^S + 3k^y^3 + 2k^ k ie real) 

(a) k - 1 yields (5,5) 
k ^ -1 yields (-1,1) 

(b) q X P and (2,3) on q i 

q ((x,y)i X ^ 2 + 2k ^ y ^ 3 - 3k , k is real) 
k ^' 1^ yields (4,0) 
k ^ -1 yields (0,6) . 



16. (a) AC - /(a + c - a)^ + (b + c ^ b)^ j 

BD ^ ^(a + c - a)^ + (b - b - c)^ j AC = BD 

/hN «, b + 6- b_ b ->b - c 

Hence ^Ic TO , 
(c) Midpoint of AC + I ^ ^ , ^ + g ^ Q) J - 

Midpoint of TO - + g ^ ^ , ^ ^ g ^ , 



Problem Set 8-11 

1. Yes. A rhombus has all the properties of sl 
parallelogram^ since it is a parallelogram. No, A 
parallelogram Is not necessarily a rhombus and 
therefore would not always have all the properties 
of a rhombus , 

2. (a) A, rhombus is a square if and only If it has 

a right angle, 
(b) A rectangle is a square If and only if two 
consecutive s" \es are congruent . 

3. (a) If a quadrilateral Is equiangular^ then it is 

a rectangle . 

If a quadrilateral is a rectangle, then it is 
equiangular. 

(b) In quadrilateral ABCD , /A S & ^C ^ /D . 
^er^fore ABCD is a parallelogram by 
41 Thmorem 8-19 since opposite angles are congruent. 

Since it Is a parallelogram, consecutive angles 
must be supplementary. If £k and £b are 
both congruent and supplementary^ then each must 
be a right angle* Since a parallelogram with a 
right angle is a rectangle, ABCD must be a 
rectangle. 

^ lUu 



ConverBely, if ABCD is a rectangle, th^n '""^ 
ABCD . is a parallelogram with at least one 
right angle, say at A , 

Bj definition of a parallelogrM, TO | | IC , 

Therefore, the consecutive interior angles are 
supplementary J m + m - l80 . Since it is 
given^ that m ^A * 90 , then m ^ 90 . 
Opposite angleB of a parallelogram are congruent 
by Theorem 8-1^; therefore m ^ 90 BXid\ 
m ^ 90 . Iherefore, AKD is equiangular, 

(a) If a quadrilateral is equilateral, then it Is 
a rhombus. 

If a quadrilateral is a rhombus, then it is 
equilateral . 

(b) In quadrilateral ABCD , all 4 sides are 
congruent. Since opposite sides are congruent 
then by Theorem 8-l8, we toow that ABCD Is a 
^arallelogrM. Since this parallelogr^ has 

two consecutive sldes^ congruent, it is a rhombus, 
by the definition of a rhombus. 

Conversely, if ABCD Is a rhombus, then ABCD 
is a parallelogrM with two consecutive sides 
congruent, say 'W ^ W , ^ Theorem 6^6, we 
Imow that TO ^ and W ^ VK . the 
transitive property of congruence, we taow that 
all four sides are congruent and tiierefore 
ABCD is equilateral, 

(a) True. Theorem 8-20, 

(b) True, Theorem 8^20, 

(c) True. Kieorem 8-21. 

(d) True. Theorem 8-21, 

(e) True. If regular, then it is equilateral and 

equiangular, ^Is makes it a rectangle 
and a rhombus both. When both, it is 
called a square. 




(f) Tj^e, in parallelogram ABCD , Akm ^ ACDA , 

by S,S.S* Coneruenc© Postulate ot^ M.B'.k, 
Congruence postulate, 

(g) False. Consider the case In quadrilateral ABCD 

when we Imow only that ^ABC S ^aDC • 




D 



FTOblem Set 8-12 

In AABC , A ^ (0,0) , B ^ (2b,0) , C ^ (2c,2d) . 
Then we find the midpoint of W , D ^ (c>d) > and 
the midpoint of W , E ^ (h + d) * 

Since ,D and E have the same y coordinates', 
DE is a horizontal line and parallel to the x-^axls 
which is 'ab*. Also^ by the distance formula, 

DE ^ |b + c - c I ^ |b| . 

AB ^ |2b - 'Oj ^ j2b| ^ a|b| . 

Therefore DS ^ ^AB . 

The advantage is that the coordinates of D and E 
are simpyfied* 

12. Since each side of ADEP is half of a side of 
AABC , .^th'e perimeter is half that of ^ABC * 

XY * 2MN by ^eorem 8-22. 

right triangle , AB is on the x-axis, 'W would be 
on the y-axis. Thus two sides of the triangle would 
be perpendicular and ^A would be a right sjigle , 
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it;: 



5. 



C(0,2d) 




Using the coordlnateB suggested 
^ In Problem 4, we find the 

coordinates of D , the midpoint 
of W , the hypotenuse. 

D = (b,d) . 



TO 



B(2b,0) 

Then by the distance formula. 



CD 


= /b2. 




BD 






AD 


= ^b2 + 





Thus D Is equally distant from B and C 

Let' H be the base of IsosceleB triangle ABC . 
Then, A-^ (-2a, O) , B - (2a, O) , and C - (0,2b) , 

Use coordinates suggested In Problam 6. Let D be 
the midpoint of W and E be the midpoint of W 
Then D - (-a,b) E - (a,b) 

Therefore " DB 



4a^ + b' 



the length of one 

median and EA ^ i/9a^ + b" ^ the length of the other 

median. Therefore the medians are congruent. 

Let ^A^- (-2a, 0) , B - (2a, 0) , C -^(2c,2d) . 
Let AE and BD be the two congruent medians, 
mien D ^ (c - a, d) 

E ^ (c + a, d) , 

We are given that K ^ Bl 
Ct2c,2d) 



therefore 




since AE ^ i/(c + 3a)^ w d" 
and BD = y^(G ^ 3a)^ + d 



B(2a,0) 



we know that 



(c + 3a)^ + d- ^ (c - 3a)^ + d^ and thus 
(c + 3a)^ - (c - 3a)^ . 
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Therefore, either (l) c + 3a^c- 

0 ' or (2) c + 3a ^ -(c 3a) . " 

In other words, either (l) a = 0 , or (2) c ^ 0 * 

Since a cannot he 0 , c must be 0 . 

Thus AC ^ y^a^ + and BC ^ Via" + Kd^ . 

Thus AC ^ K and the triangle is isosceles. 

9* The medians ^o two sides of a triartgle are congruent 
if and only If the triangle is iso^eles, 

10. (CB)^"--4b - a)^ + 

P O Q 

AB = |a| = a since a is taken in the positive 
X-axis, 

AR ^ !b| ^ b since b is positive^ £k being acute. 
Therefore (CB)? ^ (AC)^ + (AB)" - 2AB * AR , since 
(b - a)- + c- ^ (b^ + c^) + (a^) - 2_ ^ a • b , 

11 » (AC)^ ^ b^ + and (BC)^ ^ . 

Thus (AC)" + (BC)^ ^ a^ + b^ + c^ > 



(AB)^ - (b ^ a)" + c' 

+ b c^ 
1 ' 2^ 



/a + b 0\ 



2 2 
c 



Thus + 2(Mn^2 



O — ~ O Q Q O O 

"^^+ a- + c- _^ a + 2a b + +- 
^ + y 



U4 u , T,^. -- ^ 2a^ + 2b^ + 2c^ o2 ^ k2 J. 
which simplifies to ^ — ' — ^ — ^ ^ + ^ + ° 

Therefore, (AC)" + (BC)" - l^L + 2(MC)^ . 




^ Problem Set 8-13 

If ABCD is a parallelogram, then AC and W 
bisect each other* 

Proof-. A * (0,0) , B ^ (a,0) , C ^ (a + b, c) , 
D - (bjc) by l^eorem 8-23* 

Then the midpoint of AC is , |) and the 

midpoint of IB" is | ^ , §) . 

Since the midpoint of W Is also the midpoint of 
W , the diagonals bisect each other. 

Part (1). If the diagonals of a parallelogram ABCD 
are congruent, iff is a rectangle. 

A - (0,0) , B - (a,0) , C - (a + b, c) , D - (b.c) , 
By Theorem 8-23, we must prove b ^ 0 , 

We toow that AC ^ BD , therefore (AC) ^ (BD) , 
and 

(a + b)^^+ - (b - a)^/ + c^ • 

Therefore, (a + b)^ ^ (b - a)" and 

either a+b^b=a or a+b- -(b - a) * 

Since a ^ 0 , b ^ 0 * 

Part (2). If ABCD is a rectangle, the diagonals 
are congruent, A ^ (0,0)^, B ^ (a,0) i C ^^^(a,c^ ^ 
D ^ (0,g) , AC ^ ya 4- c" and BD ^ yt-a)'" + 0^ . 
Thus IC S 15 . 

Part (1). If the diagonals of a parallelogram are 

perpendicular, it Is a rhombus, ^ 

A ^ tO,0) , B ^ (a,0) , C - (a + b, c) , D ^ (b,c) 

where a > 0 . We must prove a ^ y b + c 
Slope of *AC*^- SL + h ' ^^^P® b ^ a * 

Since iTL ^ mS^^ ^1 ^ 

T — • lu ^ \ ^ -1 and c- - - (b^ - a^) . 
(a + bj - a) 

2 2 2 2 
Therefore a ^ b" + c and a ^ y b + c" ,^ 
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Part (2). If ABCD Is a rhombus, Ic J_ IB . 
Let A = (0 ,0) , B = ^2 ^^^2^ ^ 

C = (/b^ + + b, c) , D - (b,c) where B 
is an the x-axls to the right of A . 

Therefope, the slope of "a^^ ; y ° >■ and the 

slope of 'W'= ; n"° M and 



+ b 



AC BD (b" 




Therefore, W j^W . 

Prove: 

(1) If ABCD Is a parallelo 
gram and AC bisects 
/DAB , then ABCD is a 
rhombus , 

(2) If ABCD Is a rhombus, 
AC bisects /DAB . 

\ 

(Notei We do not us^ coordinates because students 
need trigonometry before they can write the equation 
of an angle bisector.) 

Proofs 

Part (1), /DAC ^ /BAC by definition of angle 
bisector. ^Since 11 | | M , /BAG ^ /DCA because 
they are^ alternate Interior angles. Therefore, by 
the transitive property of congruence, /DAC ^ /DCA . 
Then, sl^ce two angles In ^ADC are congruent, the 
sides opposite those angles are congr^uent. W^W . 
Thus ABCD is a rhombus. 

Part (2). ABCD Is a rhombus. Therefore, AD ^ AB , 
DC ^ BC , Also, AC ^ AC . AADC ^ ^ABC by S.S.S. 
mierefore /DAC 3* /BAC since they are corresponding 
angles. AC*" is the mldray. 
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5. A rectangle Is equiangular and all angles are right 
angles. Its diagonals are congruent. 

6. A rhombus Is equilateral. Its diagonal^ are perpen- 
dicular and bisect the angles. 

7. Yes. Yes. A parallelogram^ a rectangle^ and a 
rhombus . 





Parallelogram Rectangle Rhombus 


Square 


opp. sides ^ 


/ 


/ 


V 


/ 


opp. = 


/ 


/ 


/ 


/ 


consec . supp. 


/ 


/ 


/ 


/ 


diags . bisect 


/ 


/ 




/ 


diags. { 


no 


/ 


no 


/ 


diags . \ J[ 


no 


no 


/ 


/ 


diage . bisect 


no 


no 




/ 


equilateral 


no 


no 


/ 


/ 


equiangular 


no 


/ 


no 


/ 


regular 


no 


no 


no 


/ 



9. Q = set of' quadrilaterals 
^ P ^ set of parallelograms ^ 

R^= set of rectangles 

Rq- set of rhombuses 

S - set of squares 
C nieans "is contained in" , or "is a subset of ^ " 
and has the transitive property. 
SC R-^C PC Q . 

SC RgC PC Q . 

*4 
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Problem Set 8-l4 



1, 



D(2d,2e) 




_C(2b,2c) 




A(0,0) 



B(2a,0) 



We may assume without loss of generality that a > 0 ^ 
b>0,b>d,G>0, (d,c) , F ^ (a + b, c) , 



Thus EP is a horizontal line and is parallel to 
^C* and *AB^, 

Also, EF ^ a\+ b d 

AB ^ 2a' ..and DC ^ 2b - 2d . 

i(AB + DC) ^ a + b d . 

Therefore, EP ^ i(AB DC) . 

(a) X - 11 ^ 

(b) X ^ 10 

(c) X - 6 , y - 8 . 

In ABCD , XB I I . 

If m £a ^ 100 , m £d ^ 8o we would not know the 
measures of the other two angles. 
If m £A ^ 100 and m £C ^ 70 , then m /D - Bo 
and m /B ^ 110 . 



1 i u 
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Given a trapezoid, label it ABCD and set up an 
xy-coordlnate system so that A ^ (-a>0) , B ^ (a^O) j 
C ^ (b^c) , D ^ (-d,c) , with a > 0 , b > 0 , 
c > 0 , b > =d , Then b + d ^ 2a . (For If 
b + d - 2a , then AB ^ CD and ABCD is a 
parallelogram, not a trapezoid.) We are to prove 
two statements: 

(1) If AD - BC , then ^ . 

(2) If - ^B , then AD ^ EC , 
(1) If AD - K then (AD)^ - (BC)^ , 

(-d + a)2 + - (b = a)- + , 




AD ^Yi-b + a)^ + - ^{h = a)- + ^ BC 

DO - ^(-d)^ + - i/b^TT^ - OC , 
and ^DAO ^ ACBO by S.S*S, 
Then £DA0 ^ /CBO . 



(2) Let E = (0,g) . If £k i /B , than It Is easy 

to show that £EBC = ^EAD , EB ^ EA , ^BEC ^ /AED, 
hence that ^EBC ^ AEAD and BC ^ AD . 

Given a trapezoid, label it ABCD and set up an 
xy-coordinate system so that A ^ (-a,0) , B ^ (ajO) , 
C ^ (b,c) , D ^ (d,c) , with a>0,c>O,b>d, 
b ^ d ^ 2a (compare with solution to Problem 4), 
We must prove two statements: 

(1) If AD ^ BC , then AC ^ BD , 

(2) If AC - BD , then AD - BC , 

(1) If AD ^ BC ^ then d ^ ^b (compar-e with solution 
to Problem 4) and .v."' 

(AC)^ - (-^a - hf + (0 - of - (a + hf- + , 

(BD)^ - (a - df + (0 - c)^' - (a + ti)^ + ^ 

and AC ^ BD . 

(2) If AC ^ BD , then 

(=a = hf » (0 = cf =. (a - df + (0 - of , 

(b + af = (-d + mf , 
b-a^=d + a or b-ha = d- a* 

b ^ -d or b - d - -^2a , 

But b = d ^ -2a , Blnce b > d and a > 0 . 
Therefore b ^ =d . ' 

Then (BC)^ - (b - a)^ + - (-a - df + c" 
f , and K - AD , 



6ih 



6, 




B(2a,0) 



Let A(0,0) , B(2a,0) , C(2d,2G) , and D(2b,2G) 
be vertices of a trapezoid, with sl > 0 , o % 0 , 
and d > b , Then a + b d (see solution to 
Problem 4) , 

Let E be midpoint of AC , 1 ^ (d^c) 

Let F be midpoint of BD , P = (a + b, c) 

= 0 and IF I I I I 11 . 



Then m 



c - c 



EP 3^^^ 



Also EP ^ |a + b ^ d| t 

and [AB DC | ^ |2a - (2d - 2b) | ^ 2|a -h b - d| 
Therefore EP ^ -JIaB - M| . 



Problem Set 8-15 

Theorem 8-28 and Corollary 8-28-1. Plnd midpoints 
of AB and BC , and draw perpendicular bisectors. 
Their Intersection is the desired point. 

Theorem 8-29 and Corollary 8-29-1, Draw mldray of ' 
each angle, I^elr intersection is the desired point, 

(a) Draw perpendicular bisector of II and midray 
of £ACB * Their intersection Is the required 
point , 

(b) Use the ruler to plot the midpoint ^(1,0) . 

(c) (0,4) . 
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(a) By Theorem 8-22, DE ^ |(12) = 6 , EF ^ | , 
FD - 5 * 

(b) Theorem 8-22, M||lB,W|j E'^TpHIC 

(c) ro, If, W . 

(d) The perpendicular bisectors of the sides of 
AABC are the altitudes of ADEF , Since the 
former are concurrent by the corollary to 
Theorem 8-28, -the latter are Goncurrent. 

Proof 1, Since the perpendicular bisectors of APftR 

are concurrent (by corollary to Theorem 8^28 )i, and 

these are the altitudes of ^ABC , the latter are 

concurrent . 

TT 0 - b b b ^ 0 b 

Proof II* m ^ - — ^ = - ^ ^ m ^ -p^ — — ^ « . 

^ CB ° " 0 ° 11 0 - ^ a 

™ - i c „ 1 a 

Two non-vertiGal lines are perpendicular If and only 
If the pr^uct of their slopes Is =1 , ^ 

(O, - is .contained in h , because 

h^ ^ [ (x,y) : X ^ a + kb , y ^ kc , k is real) and 

k = -| yields (0, ^ ^) . 

(Oj - ^) Is contained In h^ , because 

^ [ (x,y) : X ^ c + bp , y ^ ap , p is real] and 

p - ^ I yields (0, - ^) . 



^Thus h^ , h^ intersect In (0, - ^) . Also h^ 

contains (0, = ^) , because h^ is the y-axis and 
contains all points whose x-coordinate is 0 * So 

h J h , h, are concurrent. 

a c b 
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Noter. In Proof 11 we chose k - ^ £ and n =^ ^ £ 

b ■ ^ ^ ^ • 

These were "happy choices" which showed that h^ and 
h^ had a point of intersection in the y-axlB, mat 
these ''happy" choices were not accidental. They 
reqmdred some ingenuity; 

Mn Proof I, which did not use coordinates, 
there was Ingenuity displayed in considering ^PQR 

Ingenuity can be exercised no matter which type 
of proof is used. 

In ^ABC , (0,0) , (2b, 2c) and C - f2a,0) , 

(a) > Plah : Find the point of 
intersection of two of 
,r the perpendicular 



v^sectora and then 
l^st to see if that 
j^felnt is contained 
in the third perpen 
dlcular bisector. 



B(2b,2c) 




E(d + b,G) 



A(o;o) 



F(Q,0) 



AC 

a 



Let p^ p^_^ be the perpendicular 
bisectors of te, W and Ic respectively, 

OS) P - [{x,y): y = c - = |(x ^ b)} 

r - C (x,y) : X ^ a} . . , , 

By substitution y = c ^ - ■£(a .-^b) 



¥ ^ 



+ c^ 



ab 



Therefore 5 (a^ 



X ^ a , 



of lntei*sectlon of 
0 



c 

p and 



is the point 
r , Call it • 
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(3) q = ((x,y)s y - c - - (x-(a+b)) ) . 

The point 0 Is also eontained in q 
sinoe by itibititution 

(b^. + 0^ - ab) _ e , . - ft) (a - a-b) 

b + c - ab b - ab + c 



2 2 
^ b^ + 0 - ab. - 

e ■ ^/'■^ ' 
Sinca p, Qj r each contain the 



b~ ^+ c - ab 
the lines are concurrent 



point 0 - (a, Q - — -I 



^ (b) Use diBtanee fgrmula tcf show that 

OA ^ OB ^ OC. 

(0A)2=,(a = 0)2-.(SL±4!^)2 



' (0B)^= (a - Sb)2 . ^ f - = 20)2 

^ := (a = ,^( b^ - f - ab )2 ^ 

Expanding " 

^ h ^ Q-QQ 22P^ 

(0A)2 = (Qof = b^ + - aab3 - Sabc^ + ^ o + ablc-H-a b^ 

. /„s2 b^ + c ■ - 2ab- ^ 2abc^ + a^c^ + 2b-c-4-a "b^ 

{^03} = ; 



c 



Ilius ,0A - OB - OC 
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Chanter 8 
Ravlaw Problems 



i 



I a I — I — 



4- i — I— I — t » 



0 < y < 3) 



^ .0 < X < 3) 



(-1,3) • - 



H— +. 



•cs.-i) 



r = ((-1, 3),(1, 1), (3, -1)) 



■ i 

■ •(1,1) 




< t I I I 



I I I u 



[(x,y) t X + y = ,3, 

0 < X < 3, 0 < y <. 3) 



t - lix,y) I X + jr 
-3 < X < 0) 



i 
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(a) 




(g) 


Yes 


(b) 


Yes 


(h) 


Yes 


(c) 


Yes 


(1) 


No 


(d) 


No 


(J) 


Yes 


(e) 


Yes 


M 


Yes 


(f) 


No 


(1) 


No 



Since the diagonals of a rhombuB are perpendicular 
and biseot eaeh other 




(8)2 + (is)2 = $2 

289 / 
17 = s- 

Kierefope P = 68 . 
w 

(3x)2 + - (40)^ 

(3x)2 + (4x)2 . (5 . 8)2 

X B 8 . 



Therefore the sides of the rectangle are 2k and 




(a) (-1,5) 

(b) (1,-1) 

(c) (1,2) I 

(d) the measure of / Ab = |3 - (-l)| = M 

AC = via - (-1)]2 + [5 = ( = i)]2 , 

4 ____ 

BD « v4= 1 - + [5 - (-l)]2 = + 6^ 

TOierefore AC = . 

(f) ((x,y)r y « -1] 

(g) {(x,y)i X = -1 + 4k , 'y.= -1 + 6k , 
, k is real) 

•(h) Q = (-1 + 4 . 4 , t1 + 6 • 4) 
Q = (15,23) 



(l) Slope of IE? la ^ |r ilopt of line pai^en- 
dloular to Iff Is - j • TOierefore tht 
required line Is 

{(x,y): % s 3 + 3k , y a 5 - 2k , k la real) , 
b 

m 



(a) 



(c) Slope not defined. 




(a) Proof I Set up an 

3^-coordlnate system 
€o that A ^/(OjO) , 
B - (2a,0) / 
C - (2a, 2a) , 
D ^ (0,2a) , 




4(0,0) B(2q,0) 



mien slnoe .R Is midpoint of W , (aa,a) 

and since S la the midpoint of W , 

S ^ (a,aa) . Then by the distanoe foiroila 

AR ^ v^ga )" + (a)^ * yS? and 

BS ^ \/m^ 4- (=-£a)^ ^ i/s?" * Thus AR = BS • 

(b) Slope o( 15 - ^ I elope of ^ - ^ - | . 

Since the product of these slopes ^ ^1 , M J_ M 

(c) The equation of ^AR^ by point-slope form is 

y ^ -^x , The equation of *BS* by point-slope 
form is y ^ '-2(x 2a) , 



The intersection of these two lines is the point 



) 



Then I>P - /(f ^ - 2a)2 . i^f 



s 2a , AB ^ 2a 



^erefore TD ^ AB 
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1 



tiiedlM of a .trapezoid Miaots a 



diagonal . , 

Proof I If wa saleet a . 
coopdlnata system whloh 
assies the ooordinatas 
to the vartlaas of 
trapaEold ABCD as In- 
^aatad In the dAki«n 




a > 0 , b > d , 
0 > O) J then the mid- 

points of the nonpwitllel * * 

sides TO and will be p(djc) and l(a + b, b) 

HI is tha mediM of ABCD . We ara asked to prove 
that the midpoint of TO Is on IE , it Is olear 
that ^Pl* is C(XjF)i y - c , x is real} . ae 
midpoint of TO is (d + a, o) . Then tha midpoint 
of TO is in * It must still be shomi to be in 
TO t Now d<d+a<a+b , since a ^ b are all 
assumed positive and eince b > d , \nien the point 
(d + a> q) lies betwean F and 1 and tha midpoint 
of TO is in W , 



Alternate Proof: 
^Fl^^ {(x,y); 



is real} ^ 



X ^ 2a + k(2d = 2a) ; y ^ k(2o) 
k ^s real} . 



Thm Intarseotlon T 
y-ooordinate c = 2ck 



o^ these llnaa must have as its 
1 



WhenGe k ^ 



and 



T - (2a + |(2d - 2a) , |(2e 



')-< 



a + d| c)# 



whloh 



is the midpoint of 

(a) 
(b) 
(c) 



IB 



y - 0 
x ^^ 0 
If y ^ 0 



then for all values of 



X 

y 



If X - 0 , then for all values of 
merefore each point of both axes satisfies 
xy ^ 0 • 



xy ^ 0 

xy s 0. 
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Our coordinate eystem 
aeslgns (0,0), to A 
and (6,0) to B * 
Bine a m ^AB is given 
as 60 , md m £CBX m ^AB 
(corrtapondlng anglaa of two 
parallel lines cutting a * 
traneversal), m ^CHC ^ 60 , 

Consider CG • ^ MC * Then 

m ABCG» , m ^BCC ^^30 , BC m 6 , and BC" ^ 3 
(In a 30-60 right triangle, the shortest side is 
t^lt of the h^otenuse), ond using the ^^hagorean 
"^leorem we find 




CG« m /36 - 9 ^ 3 i/J 
(a) ThuB C « (9, 3i/J) 



(b) D ^ (3, 3y^) 

(c) AC - ^81 + 27 - v^OT ^ 6i/3r 

(d) ^ ^ ^ 6 * mus AC ^ ^ BD . 

(a) AC*- C(x,5r)f X - 3k , y - and k ^ Oj 

(a) [{x,y)i X = 1 and y Is real) 

(to) ((^#y)^ !y| - 3 md X is real) 

f 

(^) ((x,y)i y ^ or y ^ j x and 
(d) ((x,y)- y ^ 3 and x Is real) 
(a) {(x>y)i X « 12 and y is real) 
(f) ((x,y)i y ^ -8 and x Is real) 

A - (3,4) , B - (^1,5)' . C - (-2,1) 



y are real) 



AB 



BC 



AC « -/s^ + 3^ = 

^ui ABC lb an IsosceleB triangle^ since AB - BC , 
and AM la a right triangle, since 

{kcf = {mf + (mf , 
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13, Midpoint of ^ tS m (^,2) , ' 

Slope of 701 s ^ = ^ ^ slopa^of lln© perptndleular 
to ffl = -2 . miarefore tha Una Is 



14, 



15. 



16. 



((x,y)i X - -4 + k , y - 2 2k , k Is real] , 
AB ^ /(o ^ 1)^ ^ (6 ^ 1)^ ^i/(o ^ 1)^ + ss 
AC -/(c - 3)- + (6 ^ 5)^ ^^{q - 3)2 + 1 . 
mian AB ^ AC glvaa (c l)^ + 25 ^ (c - 3)® + 1 



- 2q + 1 + 25 ^ 0® 



6e -f 9 + 1 



or h = - 



0 - -4 . 

The dlstwce from (h,3) to tha 3 , Its 

dl stand a from the y-axls is |h| * TOiarefipre 
3 - ajhl , |h| = I , that is,^ h - I 

Seleot a eoordlriata system 
which assipiB. soordinatee 
to the vartioes of 
parallelogram ABGD 
as ^indicated In the 
diagrwn. TOien M is 
the midpoint of and 
has eoordlnat^a (a,o) . 
We are to show that one 
of the trlsectlon points 
of lies on TO , 

^ ^ [(A*y)- X ^ b + k(a - b) , y s o - kc , 
0 £ k £ 1) . 

The trisection points of AC are R(— , and 

S( S(^ + ^a) ^ ^ ^ is on TO then there 

Is k such that 'O ^ k £ 1 and c - kc ^ ^ . 

2 _ 

Clearly ^ ^ 3^ satisfies this requirement. Using 




k ^ 



we see that R Is a member of set TO 
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17. 



Alternate aolutlon; 

AC^^ C(3£.y)i X ^ k(b + 2a) , y ^ dk , k Is real) 

X ^ a + h(b - a) , y ^ ch , h Is real) . 

Interseetlon of 1ftC*^,^*, has y-GOordinate such that 
ok ^ oh ^ k ^ h . 

Then Its x-coordlnate is sueh that 1 

k(b + aa) a + h(b ^ a) ^ a + k(b ^ a) , or 

kb 4^ 2a^ ^ a + kb - ka , or 

2ak ^ a - ak J or 

nierefore, R , the Intersection point, has coordinates 
(|(b + 2a) , |) , (ia^ /|) , . 

whlQh are the q^ordinates of a trlaeetlon point of 
W . 

Assise a coordinate syetem 
which assies the coordinates 
as indleated to A * 

Then, referring to the 
diagram I we know that 

E ^ (2b + a,2o) , 

D - (bjc) , and we are to 

show 



m 



An equation of BE is 
An equation of *DC* Is 




c<3a,0) 



7 - 



b - 3a 



(x - 3a) 
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Solving for the coordinates of F , we find 

'ib% " b I ' 
from which 

2b + a) 



so 




.(|(2b + a) , ^) . 



Then 



BP 



6c 

°T . _ 3 



DP ^ '^P - *D _ 7j^* + a) - b 



P 3a - |(2b + a) 



1 
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Chapter g C 
ANSV7ERS km SOLUTIONS 



Problem Sat 9-g 

No, Thm definition requires that the line be perpen* 
dleular to every line containing Q and lying In ^ * 

J/^^f ^A KC ^ £TBk . By definition^ £ Impliee 

*AB*i_*RB*, ln^J^^^i'^^Jf^^, and- by definition of 
perpendicular lines, the angles arf rlgh^ angles, 

(a) Yea* A plane le determined by three noneolllnear 
points. If RjXS, T were Golllnear, then T 
would be In r^by Postulate 8. 

(b) £fbt , /fSR * Definition of perpendicularity i 
a line and a plane, and two lines, 

(a) Three, Plane determined by ^1 and WB , 
plane detemlned by TO and ffl , and the 
plane of square PRHB , 

(b) FB ^ plane ABH . Since TO J_ W by hypothesis 
and 75 _L ffl from definition of a square, 

W J_ plane Am by Theorem 

(a) Three, Planes RHB , RAF , ^and AW * 

(b) M ^ plane ^ ARP , M M by hypotheBie, 
M J_ IF at point H by Theorem 5-8, 
Therefore ffl ^ plane ARP by Theorem 9=2. 

Yes, 5y Theorem 9-1* 

(a) Yea, By the definition of perpendlaularity for 
a line and a plane* 

(b) Yes. ^ the definition of perpendicularity for 
a line^ and a plane. 

(o) No, By" hypothesis J *BC^ lies in plane 

and therefore cannot be parpendloular to *^ 
By Theorem 9-1? all lines perpendicular^ to *AB* 
at B ntust lie in the plane perpendicular to 
*AB*^ at B (that is, plane ^ ), 

By hypothesis, W J_ plane ^ , TO J_ IB yand 

I r1 by definition of perpendicularity of line 
and plane, AABF S A ROT by S,A.S. FA * TO" by 
definition of congrtfc^e for triangles, /FAR ^ /WA 
by base angles of an^^pceles triangle. 

6S7 1 







Htasons 


1. 


WA s WF 1 


1 . 


_ _ m 

Proper»ty pf a cube. 


2* 


^ » FB . 


2. 


Property of a ouba. . 


3, 


m ^ BL . 


3 • 




4. 


AR ^ m . 


4 * 


Addition property for 








equality. 




^AR ft £imL . 




Property of a cube . 




AWAR ^ ^WPL * 




3 • A • 3 s 


7. 


vm ^ WL * 


T. 


Definition of oongruence 








for trlMiglea. 


8. 


W X TO , 


8. 


Property of a oube . 










9* 


_[ plant ^WF , 


9. 


Theorem 9-2, 


10, 




10. 


Definition of perpen- 




1 TO , 




dicularity for a line and 








, a plane . 


11. 


KW ^ KW . 


11. 


Reflexive property of 








equality. 




^KWR j Ami . 


12. 


S.A,S, 




KR = KL , 


13. 


I^finltlon of congruence 








for triangles. 

V 



Froblem Sejt 9-3 / ^ 

(a) T (d) F k (g) P ■ (J) T 

(b) F (•) T / (h) P 

(c) T (f) T / (1) P 

W and Al dstermlne a plane which Intersects Y 
at BD and ^tersects Z at *CE*. 





Statemepts 


Reasons 


1. 


IB 1 1 71 . 


1% 


TOieorem 9^6. 


s. 


/ADB S ^AEG , 


2. 


Corollary 6-4-1. 


3, 


/A S ^AEC , 


3, 


Theorem 5-6* 


4. 


/km s Ik , 


4, 


Transitive property for 








dongmaence of angles. 


5. 


BD ^ BA . 


5. 


Theorem 5^7- 
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Alteraatlvelyj after Stag 2 abovai AASD ^ d ACE ^ 
by Iheoram 7»6. Hanoa ^ AO j CE are propoi;*tlonal 



to AB 



Therefore AB ^ W , ilnca AG ^ CI 



Proof I Lat ba two ^rallal lihai. 

.I^t ^ be a plime whloh Is parallel to ona of tha 
lines, say . We wish to show that ^ is paralltl 

Than 

ngle point, 

J which by hypothesis does not hava exactly one 
point In con«non with ^ , is dlitlnot from . 
We now apply Theorem 9-^ to find that ^^Jintersaots 

/in a point. On the basis of this ^ntradiation 
to tha t^ethesii^ we must rejeet the pOMlbility 



to ^2 . Supposa ^ wtra not parallal to 
^ would Intarseot In a single point, ^us 



that ^ and 
parallel to 



are not parallel. Hanoe ^ la 



Problem Sat 9-4 

Points W^ X, Z are equidletant from the 
endpoints of ' K by h^othesls* By Theorem 9-l8 
they all belong to the perpendicular bisecting 
plane of IS and are therefore copl&iar. 





Statements ^ 


Reasons 


1. 




1. 


^pothesis. 










2. 


m\\n . 


2. 


Theorem ,9-9. 


3. 




\3, 


I^othesls. 


u. 






Theorem 9-10, 




statements 




Reasons 




— ^ 






1. 


AB = CD . 


1, 


Theorem 9-17. 


2. 


JB iW » 


s. 


Definition of line perpen- 








dicular to plane. 


3. 


^ ABD = ^ CDS . 


3. 




4. 


AD = CB . 




w 

Definition of congruence 








for triangles* 
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(a) W . M . m , go * Im^ , 

(b) iiot naoeiiarlly* W, K, R eould be any points 
in ^ . ' , 

. • (f) No, 

(g) Not neeessarily. 
Yes, (h) Yes. 

(i) Yes. * 
(J) YeB, 

. (d) 3 inehti or X 4,a42 Inohes, 
(e) Inches or S 5*196 Inehee, 

and ^BY* mre perpendicular to plane . Henoe 
ana are parallel lines and therefore 

coplanar. Since 0 la 1^ IS and N Is In *XY*, 
the plane ABK oontalns both 0 and N . Since 
each of the coplanar lines *AX*^/*ON*, and *BY* is 
perpendicular to ^^^^ they are parallel to one 
another* Since AO ^ OB , we apply Theorem 7-2 to 
obtain XN ^ NY * mus N Is the midpoint of . 

Let *BE* be the perpendicular to plane at B * 
Then If J[ ffi , and It is given that AB 1 W * 
Hence *AB*J_ plane EBG . ^ the definition of 
projection, *CD*J_ ^ . Then *GD* | !*BE*, so that D 
is in the plane EBC , T^ien TO is in this plane^ 
Henoe 51 I TO , or /ABD is a right angle. 

Let the given point be P and the given plane be 

^ , Let P be the projection of " P Into . 
If X Is any point In ^ distinct from F , then 
FX Is a line in ^ . Since ^AF^ Is perpendicular 
to ^ ^ it is perpendicular to every line in ^ 
through F J in particular^ *AF*j^PX*^, By Theorem 
6-^ig^ aF Is shorter than 'W . Thus TO is the 
shortest segment Joining A and a point in ^ . 



Problem Sat 9-5 

(a) 12 In the usual olassroom, 

(b) Right. V 

(e) (1) A dihafl^l angla^ li acuta Ifi mnd only if 

Its maatfure Is less than 90 . 
(2) A "dihedral angle Is obtuse If and only If . 
Its measure Is greater than' 90 . 
(d) Tvfo dihedral angles are adjaoent If and only If 
they.have respaotl^ plaihi armies -vmioh are 
adjaoent* 

*(e) Two dihedral angles are supplementary If and 
only If the sum of their measures is 180 . 

(f ) . Two dihedral anglffB"''^e oomplementai^ if and 

only if the sum of their measures Is $0 ^» 

m ^C»PA-B .^ 90 (m ^CFB ^ 90) . ^ ^ 

m £CAB ^ 60 / ^Inee ACAB Is equl^teral. 

(^APC ^BPC S ^APB *) , y 

In ^ ; let *BC^ be perpendloular to ^PQ* , Hien by 
the definition of a plane angle, ^ABC Is a plane 
angle of /A-PQ-C . ^ J_ by hypothesis, Henet 
^A-PQ-C is a right dihedral angle ^ and Its plane 
angle, ^ABC , is a right angle, and "^S^X^*"* 
Since it is given that *Ab'J_^Q^, we now ha^^e ""aB* 
perpendicular to two lines In ^ through B j henee, 
by Theorem 9-2, *Airj^ gp . 



Using the figure in the text, consider and 
in 0^ such that ^XN*J^*NC* and "^YN^J^^NB^. *XN*2. ^ ' 
and ^YN\L ^ W OSieorem 9-Sl . l^ien^ by definition 
of a line perpendicular to 'a plane ^ *)Q^*J_*J^* and 
YN J^ffif*". By l^ieorem 9-2, ^m^j^ 0^ \ 
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Thecrrem 9*9 we ^Imow $^.]\^ , ^ ThmorBm 9-6 
we Imow *AD* | I^K* and^ *CA* | |*HB*, Slnee ,*HC*^ AD 
and ' HC ^ AC. , we Impw we have two parallelograms, ' 
Theia are reatanglas alhee ^ la perpendieular to 
both pJ4nee md tharafo^e to lines In the^^l#ne ^ 
through A and B * ^CAD wid are plane 

ar^lee of the dihedral angle ^D-AB-H and are 
congruent, T^en AACD S ABHK by S.A.S, However, 
we do not imow the measurt of any of the angles of 
the two trlanglei and bo cannot find the length of^ 

The proof la an Inmedlate application of The 



Review Problems ^ 
Chapttr 9 Seotlona 1 to 5 



(a) 


always^ 




(f) sometlnies 




(b) 


sometimes 




(g) never 




(c) 


sometimes 




(h) always 




(d) 


always 




(i) sometimes 




(e) 


sometimes 




(j) always 




(a) 


F 


(f) 


T (k) 


F. 


(b) 


T 


(s) 


F (1) 


F 


(c) 


F 


(h) 


'p (m) 


T 


id) 


F 


(1) 




F 


(e) 


F 


(J) 


F 




(a) 


coincide 


(and parallel) 




(b) 


parallel 








(d) 


parallel 








(f) 


coincide 


(and parallel ) 




(g) 


parallel 








(i) 


coincide 


(and parallel) 
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<c) In* the plane parallel 
' to the yz -plane and 

three, unit i behk^d it, 




4 ^ (a) xg=plane Is y ^ o * 

^b) y ^ 2 (Parallel to 

xz-plane . ) ^ ^ 




IS y*o 



y*2(pcnlM 
to %z plane) 



(c) m - 0 . (xy-plane) 




The l^Ui (the eefe) isi . , 

(a)^ the x-axlS' - * • ; 

,(b) the z -axis ■ : 

(e) the y-axls » 

(d) the origin | 

(e) A line In the yz-plane which is parajlel to 

. the E-axie and Interiects ^the y-axls «at (0,2^0) 

(f) A line parallel to the g-axli and- interieotlng 
the 3cy-plwe in the point (2^1,0) % 

(a) ^e eight vertices might tove coordinates 

(0,0^0) y (0,a,0) I (a,a,0) y (a, 0,0) ; 
(0,0, a) ; (0,a,a) j (a, a, a) j (a,0^a) , 

(b) The. eight vertlees might have aoordlnatas 

(0,0,0) ; (0,b,0) j (a,b,0) j (a, 0,0) j 
(0,0,c) I (0,b,o) ; (a,b,o) j ,(a,0,o) / 

All the points in space 
for which y - 2 , ; 

lie %n a plane which 
is parallel to the 
E-axiS' and' which inter= 
sects the xy-plane in 
the line x + y - 2 , 




(a) 13 

(b) 7 

(c) 5 



Problem Set 9-7 

(d) ^ 

(e) 3 

(f) ^ 
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I 

4 




4, (1, yTT,l) and 

5, (AB)- ^ 1 + 4 + 9 ^ 14 
(BC)^^- 1S+ 4 + 4 - SO 
(AC)- -9*16+9-34 

(AB)- + (BC)® - (AC)- . Tharefore, ^ ABC Is a 
" right triangle. 

6, AB * yfe- + 4^ + 2- ^ ^ 2 yTT 

^ AC - + 2^ + 4^ ^ ^ 2 ylT . 

AB - AC , and hence ^ A ABC is isosceles by 
definition of Isosceles triangle. ^ 
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AB ^ y^i "+ 14-4 - 

IC + 4 + 

AC + 1 ^ 4/^ 

AB ^ BC = AO^^ ^ 

Thmvmfovm A ABC ie 
equilateral , 

(a) AB * + 1 + 16 



Di - v^25 + 25 + 1 - ysi 

EP ^ 1 + r + 49 ^■■^/fi 

__ • ' 

DF ^ /36 ^16 + 64 ^ %/lTS, 

ADEF ii iBOSceles, but no 
equilateral • 

\ 



BC = v^ 9 + 1 + W -. 

CD \ vfTTTTTS" » 
AD = /9 +1 ,+ 4 = 

AB = CD BC = AD 



.(b) No, because It does not assure us that points 
4 A, B, C , D^^are coplanar. 



(a) AB=i/5, 
CD » , 
AD = 3 , 
BC = 3 . 




(b) 



Hence the 
congruent . 

A C m 4/1 + 4 + 9 ^ ^^OT , 
BD ^ ■+ 4 + 1 ^ ^ 



opite sides of the figure are 



(AD)2 + 



-9+5 



- 14 ^ (AC)^ . ' 
Hence /p is a right 



angle . Similarly^ 
^A , , ^ £C are 
right angles, 

(c) No, It has not been proved that the four 
vertices are coplanar. 
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Glvan two points A and' B , choose ^ AB as the ' 
y^axls and the midpoint of H as the origin. 




^ere is a real number a , a ^ 0 , suoh that 
^ - (Op^fipO) and B ^ (O^a^O) , Then the xE^plane 
Is the perpe icular bieeotor of SB . We have ti^o 
things to prove: ' - 

* n1 

(1) If P is In the xE-plane, then AF - BP 

(2) If AP ^ BP P is in the xE-plane. 

(l) If P is In the XE-p£ane, then P ^ (b^O^o) 
for real numbers b arid c * ' 

AP = /(b -jO)^ + (0 + a)- + (e - 0)^ 
BP = y^(b - + (0 - a)g + (c - 0)- 
and AP = BP . ' ■ ' 



(2) If 7{x,y,z) is any point such that AP = BP , 
then It follows from the distance formula that 

/(x = 0)^ + (y + & f + (z - 0)2 

= /(x = 0)^ + (y = a)2 + (z = 0)2 , 

2 2 2 2 2 2 2 

X + y +^2ay + a + z ^x +y^ 2ay + a" + 

4ay - 0 , and since ' a ^ 0 ^ ^ 
Itiarefore P is in the x2-plane. 



Problem Set 9^8 

The coordlrtatts of the endpoints of thfc'idlagonals 
W and M are . . 

^ E = (2a,0,2a) . 

P - (0,2a,,0) • 

G = (2a,0,0)^ 

Em (0,2a,2a) . >^ 
GH = /(aa - or + (0^- 2a)^ + (0 - 2a)^ " ^ 

= f /\Z^ = 2a i ^ • 

IP » -/(2a - 0)^ + (0 - 2^)2 +'(2a - 0)^ 

= V^2?.= aa yC. ' ' 
"Ss Ixample 2 (a), .'ab = 2a . 
/Therefore, GH » IF - AB , 

(a) *AB*^ i{^,Y^^y^ ^2 + 10k , y 2k , ^ 4 

k is a real number J 

(b) - {(x,y,^)i X - =2 + 10k , y - 2k , .4 

0 k < 1) 

(c) AB ^ [(x,y,E)^ X 'i^^ + 10k , y ^ 2k , z ^ 4 

k > 0) 

(a) Midpoint of TO is 

Kxiy,^)^ X ^ ^2 + 10k , y ^ 2k , z ^ 4 ^ 6k 
-k - i) - (3,1,1) . . 

(b) Trisectlon point of S nearer A is 
' ^ [(x,y,z): X ^ -2 + 10k , y ^ 2k\^, e ^ 4 = 6k 



(c) Trisection point of AB rtSarer B is 

{(x,y,E): ^ ^2 + 10k , y ^ 2k , E ^ 4 = 6k 
2t /14^ \ 



(d) When k s 3 , P « {m,6,-lk) , 

(e) When k = -3,, P = (-32,-6,22) . 

(f) z i Q m H - 6k ' 
I * 



k ^ 



(f , I , 0) 



y a p = 2k ^ 
k = 0 
s P = (-2,o,^^) 

X = 0 = -a + lok 



r 



1 



(g) z = 3 a 4 - 6k 



/ 



k = 



y = -2 = 2k 

k a -1 

j P a (-12,-2,10) 
m 

X = ~3 m .2- + 10k 



^ 10 
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4* If a reatwigular so]|^d is 
glveni there li^a coordinat,© 
system which aestgns 
coordinates to the vertices 



B in the diagram. '{iaAM) 

We T^st show^'^ati all the 
diagonals ''ST j S ^ 
55 have the same^ength^: 
and the ^ same ^ midpoint . ' ' 




Using tjie distance foraiula 
four flimes,' we find that' 
efLch diagonal 'has length 



^ Midpoint, of CF ^is f 

.0 + 2a 0 + 2b 2c + 0 



2 ^2 2 



0 



Simirarl^,^^^ ^ . ^ ^ 

midpoint of W is (a^b^c) j 
.fil^dpodnt of gB is (a^b^c) j , ' 

mldpoiftt of AH is (a^b,^) . 

Thus the point (a^byc^^is the midpoint of each 
diagonal^ and thereWre \he diagonals bisect eafffi 
other at ^ (a^ b^c ) . 



6^S 



2'd3 



5. A, B/C are cQlllnear if the, sum of the lengths of 
two of the se^ents Joining the points equals the 
length of the other st^ent, „ | ^ 



AG -^yi^ -i- 3? + 3® s 3 ' ^ 

AC ^ AB + BC J and henGe A, B, C ^e oolllnear, 

An alternative method^ 

^AB*^ ((x,y,z)i x^-l + 2k,y^5'k, z ^ 3 k , 

k Is a real number)' • ^ - 

lite point C le the point on ^AB* "correspondlhg to 
k ^ 3 * ' . — 



6. P^Pg ^ [(x,y,z)i.x ^ £ + k , ^ 3k , z ^ 3 - 2k ^ 

* ( k is^ real mumberj^^^^^ 

' If ' X ^ 0 , k ^ -2 , 
yhereforej y ^ l + 6 7 -and V ^ 3 + 4 ^ 7 , • 
P - (0, 7, 7) . ^ 

7, ^P^Pg {.(x,y,s)^ X - -1 + i+k , y ^ 2 - 4k , s ^ -1 +3H 

* " , k Is"^ real number^) .* 



^ ■ If y = 0 k = i 



r 



Therefore^ x=-l+2=l 
z 



P = (1, 0, i) 



-1 + 2 = ¥ 

n 



m2 ^O-l 



C(0,2b,2c) 



tEa,o,2c) A= 



Let the coordinates of 
ttte vertices of the' 
rectangular soMfi be 
^ A(2a,0/2c) J, : 
B(2a,2b,2c) J . \ 
0(0, 2b, 2c) 5 
D(0',q,2c) J 
E{2a,0,0) r 
P(ea,2b,0) ; 
0(0,2b-,o) ; 
H(0,0,0) .' 

M ,' the midpoint of 
all diagonals, would 
'.have coordinates (a,b,o) . * ' 

Using, different Dalrs of diagonals and the Pythagorean 




G<0,2b.O) 
F(Za,ab,0) 



■J 



Theorem, the following relationships among b, 
may be established. 

In right triangle DMC 

Hence, 



(a ^ 0)^ + (b ^^^of + (c 



2cp + (a - 0)- 



or 
artd 



+ (b - 2b)^ +" (c - Sc)- - (2b)^ 

2 2 P P 

2a- + 2b" + 2c ^ 4b , 

a + c = b . 



Similarly, from AGMF , b,^ + - 
and from A Dm ^ + b" - . 



(a) 
(b) 



M( 



11 



^6 


+ 


5 




2 








0 








z 




0 



I . -3) 
11 



-1 



^ 3 



. 'Hence, the coordinates of D are (6,-1,6) , 

(c) Yes. Vertices A, B, C, D lie in the plane 

determined by the Intersecting lines *AC* and ^ 
and hence ATCD is a quadrilateral. If the 
diagonals of a quadrilateral bisect each other 
the quadrilateraa is a parallelogram. 
6hh . 
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M , miapolnt^of AC , is l| , 1, ^ ; 

, midpoint, of W , is ^(I i, k) : ' ' ' 

/"^' ^ ^ :^ 

Therefore, M - .M\ and ABCD is a plane figure, 
determfned by the two intersecting diagonals. 
Hence, ABCD 16, a parallelogram, since the 4pposlte\ 
Bides are congruent (or by th^ diagonals . bisecting ^'^ 
eacto other) . . " ■ ^ , ' ' ' 

n , midpoint' of AC , is (| /s, |) T ' 
M' , mldpblnt of m , is (| , 2, - i) . 

Hence, M ^ M* , , and ABCD Is a plane figure, 
deter^-ned by the t*;o intersecting diagonals a5 and 
BD , ^ABCD is a rectangle since it Is a quadrilateral 
with all right angles. 

^ , ' ' } 

Problem Set 9-9 

(a) Using ax + by + cz ^ d , 

' P^(1,0,0)- a -f 0 + 0 - d J 

P^(0,1,0): 0 + b +■ 0 ^ d • 

^ P3(0,0,l)^ 0 + 0-+ c ^ d . : 

Therefore dx + dy + ^ d ^ 

m 

or X + y + ^ ^ 1 . . 

(b) p^(3,0,l)- ^3a + ^c --d J 3a + I - d ; g - | 

P2(0,l,0): b - d 1 
P3(0,0,2): 2c - d J c - I 

Therefore ^x + dy-+ ^2 ^ d 

or X + 6y 3z - 6 
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2' 



(c) P^(3,o,l): 3a + c = d 

Pg(_^,2,0): a + 2b = d 
PgfCS,^?): 2b + 4c = d . 

Solving, 0 =■ ^ 

^ ^ 13" 

b - 9^ 
. b ^ ^ . 

Therefore 8x + 9y + 2z ^ 25 

(d) P^(1,^1,0): > - b - d J 

-3b 4-- c s d . 



P3(0>-3>1); 
Solving^ 



^ - ^ IT 

' d 



^ ^ 11 
Therefore 7x - 4y 
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1)- + (y - 2)^ + (2 ^ 3)^ 

- 2)2 + (y ^ 5)- + ^ ky 



X - 2x + 1 + ^ 4y + 4 + ^ 6z + 9 

^ - 4x + 4 + y^ = lOy + 25 + ^ 8z + IC 

Hence ^ 2x + 6y + 2z ^ 31 

(a) 5x + 4y s 20 

la a plane perpen- 
dicular to the 
xy-plane and 
inter^secting the 
xy-plane in line 
5x + 4y - 20 . 

This plane intersects 

■r 

the yz -plane in the line 
whose equation in the 
yz-plane is y - 5 . 




, (Using xyz-coordinates, the line is, oourse/ 
[{xij,z)i y ^ 5 and * x = 0) . 

(b) X + 2y + z = 5 is an equation'^of a plane, 

p The intersection of this plane and the xy-plane 
iS'' the line whose equation in th© xy-plane Is 
X + Sy ^ 5 , ---^ , 

(or {(x^y,z)^ X + 2y ^ 5 and z ^ 0)) * 

The inters^ectlorl of this plane and the xp-plane 
is the line whose equation in the xz- plane . Is 

X + z ^ 5 

(or {(x,y,z)^ X + z^ 5 and y ^ O}) . 

The intersection of this plane and the yz^-plane 
is the line'whose equation in tjie yz-plane is ■ 
2y + a - 5 , 
^ ■(or C(x,y,z): 2y + z 5 and x ^ 0)) , 
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(a) 
(b) 
(c) 



y + z - -1 , 

3x + 5y + - 7 . 

3k) 5(1 + k) + 1^(^ - 2k) ^ 11 



y + z 



- -1 



, 6, 



3(2 



7 



The point of intersection is ^ ^ # ' 



6^7 



Review Prob_lems 



Chapter 9.. Sections^ 6 to . 9 




« 



(a) [iK,y,z)i X ^ -6^ , y ^ 4 y:^2k r z ^ 5 + 31 

k is real J , . 

(b) [(x,y,z): X ^ 3 - j^,,^ ^ ^ 3k z ^ 7 . 

k Is real I h 

(12, =7,-1) . 
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6. (a) Right, 

fb) Equilataral* 
(c) Isosceles right, 

7. (a) Collinear. 

(b) ^ Collinear , 

(c) Noncollinear , 

(d) Collinear. 

8. Not necessarily. All four vertices must be 
coplanar if ABOD is a parallelogram. 

- 9. Yes, The fact that the diagonals bisect each other 
assures us that the vertices are coplanar. 

10. Yes (because 3-1+2^4) , 

11. The line C(x,y,0): 2x - 3y ^ 6) . 

12. Plane perpendicular to the y-axis at (o3,0) . 

13. 4x + 6y = 4z ^ ^9 , 

14. Let M be the origin and "A^B^C^D^ be the xy^plane 
of a three-dimensional coordinate system, assigning 
coordinates as follows: 

A»(0,-a,0) , D»(0,a,0) , B*Jb,-a,0) ,C»(b,a,0) 
A(0/-a,c) , D(0,a,c) , B(b,-a,G) , C(b,a,c) . 

Then , m - + (-ap + c^ 



MC ^ + a%+ c^ 

and MB = MC . 



REVIEW PROBLEMS 



1, 
2, 
3, 
4. 

5, 

Op 

7. 
8, 

9. 
. 10. 
11. 
12. 
13. 

15. 
16. 

17* 

18. 

19. 
20. 
21. 
22. 
23. 
24, 
25. 



0 
+ 
+ 
0 

0 
0 
+ 

+ ■■ 

0 

+ 

0 

+ 

+ 

-f 

0 
+ 
0 

0 
+ 
0 

0 
0 



Chapter 6-9 






2u. 


+ 


51. 


0 


27. 


+ 


52, 


+ 


28. 


' + 


53, 


+ 


29. 


0 




0 


30. 




- ^ ""^^ 55. 


0 


■ 31. 


0 


56. 


0 


32. 


0 


57. 


+ 


33. 






+ 


34. 






+ 


35. 




6o. 


0 


36. 


0 


6l, 


0 


37. 


+ 


□2. 


+ 


38. 




63, 




39. 


\ 


o4. 


0 


40. 


1 

+ 


o5. 


+ 


41. 


0 


OD. 


+ 


42. 


+ 


□7. 


0 


43. 




68. 




44. 


+ 


o9* 


+ 


4d. 


0 


70. 


0 


46. 


0 

J 


71. 


0 


47. 


+ 


72, 


0 


48. 


+ 


73, 


0 




0 


7^, 


^^0 


50. 


0 


75, 


0 
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ERIC 



7^* 




11 ^ 


0 


10. 


+ 


79* 




OO , 


+ 


Oi ^ 


0 


o2 . 




o3 * 




. 


+ 




U 


86. 


+ 


d7. 




hA 
OO , 


u 




+ 




U 




+ 




1 

T 






y J » 




9^. 


0 


95. 


0 


96. 


+ 


97. 


0 


98. 


0 


99. 


+ 


100 • 


0 



Chapter 10 
ANSWERS AND SOLUTIONS 
Problem Set 10-2a 



(A^B) , (bTa) , 

(A^) , (rt) , (Bt^H {0fk)f, (B^) , (cTb) . 

Figure a:' (A^) i (^) j (fTe) - (^) . 
Figure b: {^fH) ^ (tjF) . 
Figure (A^^) - (b5f) . 

(a) By the Betweenness-Addltlon Theorerrv AC' ^ BD 
and therefore AC ^^'BD . Also by the 
colllnearity of the points In the brder given 
It follows that AC is a subset of BD^ or 
BD is a subset of ^AC^, hence AC*^| | BD* and 

, ^^aTC) i (fTD) . 

(b) Same proof as (a)* 

(q) (aTb) i (cTd) tells us that AB*"! | CD*" and 

AB - CD . It follows that B and D ar«e on 
the same side of ^AC* and hence ABDC Is a 
parallelogram. Hence ( AT^^A^^t^^ ^ ) * 

(d) If A, Bj C are . collinear and D is not in 
*AB*_j then *AB* intersects "*CD^ and this would 

contradict the hypothesis that AB j | CD^ . 

(e) If C, D are between A, B ^ then AB ;^ CD , 
which contradicts the hypothesis that ' ■ 

(aTb) i (cTd) . 

For each case let the projections of B, F^ G, H 
into ^ be B* 5 FS G^j ^ and consider lines 
parallel to ^ ^ through B and G into which the 
projection of B, F^ H are B, F'S Gj H'* . 
Then ABFF'* 2 ^dHH" by the S, A. A. -Theorem, and 
we have BF" ^ GH" , , It folli^ws then in rectanglap 
B«F'F-'B and g'^H^H^'G that b'^F * and G*H* , the 
projections into ^ of IP ar^ OF , are congruent, 
and B*F» ^ G*H* . 
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In Case (a), 0» - B» , and all points of (gTH) 
except G are on the same side of *BB»* as F so 
that In line ^ B»F»*- G»H»* , In Case (b), all 
points of (G,H) Including Q are on the same side 
of ^'bb** as F so that in line A G»H'^ is a 
subset of B»P» . In Case (c), all points of (bTp) 
are on t he sam e side of ^GG»*^ as H so that in 
line ^ B^F* is 'a subset of G*H»* , This establishes 
for the three cases that *B'F»* | | G>H»', and together 
with B»P» ^ G'H* shows that (B^ ,F» ) i (□» ,H' ) . 



6. (a) 


3 








-1^ 


(b) 


=2 






(k) 

SB/ 




(o) 


rj 






(h) 


1 

2 


''(d) 


1 








1 


(e) 


2 

~ 3 








2 


7. (a) 


r = 


1 


1 

2 ' 






(b) 


. r - 


2 J a = 


-1 , 






(c) 


r ^ 


= 1 J S : 


^ 2 . 






(ci) 


r = 


2 

1 '^^ - 


1 

1 ' 






(e) 


V - 


|... 


1 

2 






(f) 


r ^ 




^ 3 






6. (a) 


2 . 






(e) 


1 . 


(b) 


,1 

2 ' 








= 2 . 


(o) 


-1 , 






(s) 


= 2 . 


(d) 


^2 . 










9. (a). 


1. 

3 ' 






(e) 


2 

^ 1 


(b) 


1 

2" 






(f) 


1 


(□) 


3 

? ' 






(g) 


- 1 


(d) 


. 2 
1 ' 
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Problem Set S5-2b 



DEFINITION , If Xa3) * l^t^) are two, directed line 
segments, then. (ATjB} - (C,D) Is the directed line 
segment (ETf) Such that (Cl^) + XeTf) - (A/B) . 
The determination of (S,P) . when (A^) and (cTB) 
are given ^s called subtraction of directed line 





snts . 




(a) 


(Ale) . 


(e) 


(b) 


(A.C) . 


it) 


(c) 


(A,^) . 


is) 


(d) 


(B.A) . 




(a) 


(&) . 


(c) 


(b) 


(B,C) . 


(d) 


(a) 


A directed 


segment . of 




extending J 


rrom A at 




157° with 




(b) 


A directed 


segment of 




extending from C at 




157°^ with 


A ■ 



(a) 
(b) 

(c) 
(d) 
(e) 
(f) 



(BiB) 

(A,B) , 

(^) , 

{A,A) , 



-.1 

"2 



(c) The two are equivalent. 



Length 



Angle 



Origin 



Approx . 
Approx . 
Approx . 
Approx . 
Approx. 
They are equal 
o 



1.3" 
2.6" 
3 . 0" ■ 
3.3" 
3.3" 



Approx , 
Approx , 
Approx . 
Approx . 
Approx . 
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67' 



A 
C 
A 

A 

A 



Approximately 
8.3 miles. 



25" east of north and approximately 



(a) 



(D,E) 
1 



(d) 



=3 
1 







' ! 


Problem 


Set 10 


-3 




(a) 


[3.11 


i 


\^) 


r - p Pi v 




(h) 


r -3 -1 ' 


1 




r R 1 1 \ 
I -p, J. J . " 




■ (c) 


[0,0] ^ 




(s) 


[2,-2] . 




U) 


[5,-1] 








n 


(a) 






(e) 


tl0,-2] 




(b) 


[=5,5] 




(f) 


[5,3] . 




(c) 


[0,0] . 




(s) 


[-10,2] . 




(d) 


[=5, =3] 






r 

i 


3 . 


(a) 


X Is 


(9,2) . 


(c) 


X is (3,0) . 




r 


X is 




■(d) 


X is (-1,4) 




(■a) 


X Is 


(-1,-6) 


. (o) 


X is (-11,4) 




(b) 


X Is 


(9,0) . 


(d) 


X la „ (9,0) . 




' (a) 


[-1^5] 




(e) 


[2,5] . 




f \- \ 

(b) 






(f ) 


[-2, =5] . 




(c) 


[=7,1 ]\ 




(e) 


[-4,1] . 




(d) 


[-6,ll\ 








6. 


(a) 


[-2,10] 




(ej 


[-14,15! 




(b) 


[-2,10] 




(f) 


[-12i,4] . 




(c) 












(d) 


[-13>12 


] . 


(s) 


[4'= ¥ ■ ■ 


7 








\^ ) 


^ y J. { 




(b) 






(f) 






(c) 






(fe) 






(d) 










8. 


(a) 


[0,-3] 




(d) 


[3,0] . ^ . 




(b) 


[=i,--4] 




•(e) 


[0,0] .' ' 




(c) 


[-1,-4] 









Approximately 5*8 Tniles per hour at an angle of 
approximately 120° , 
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^1 



^oblem 'Set 10-4 



i y 

13 ' 

1 

5 



-3 



\2 



5* X 



1 k\ 

27 ^ _ J_^J 
13 ' ^ ^ 13 * 



=1 , fy ^ 0 , (infinite number of sdlutionE 
Batlsfylng* x + 2y ^ =l). 



Proble m Set 10-5 





Let the trapezoid and median be lettered as 
shown and the segmentB directed as shown. Then 

EP ^ + OF - M and EP ^ ^ + AB = p| , 

therefore SEF ^5c + CF = ^ + 1a+AB-PB . 

But - ^ ^ ^ and CP - m . 

Thus we can simplify^ and obtain 

2^ + AB 

or - r ' ^ - i(AB + M) . 

But becausfe M | | AB it follows that W ^ kffl 



Therefore IP m |fAB + k^) ^ ^ + , 



hence 

? 4' " 

and IF 

EP 

hence 



AS 



DC , 



^ % ^ |AB | ^ where k > 0 , - 
|(|AB| + k|AB-|) = + \m\) 



EP'.= i(AB + DC), 



4^ 




Let the ifrapezoid be lettered as shown and the 
segments directed as shown. E and P are" midpoints 
of AC and TO respectively. Now 

EP ^ ^ CE - DC + i ^ - S +^ ^ - fS . 
% adding, 

SEP - -^-TC + OT+EA + AB-ra, 

EA and DP - PB ^ we can simplify, and^ 



Since • CE 
obtain 



EP 



AB - m 



EP 



i(AB - DC") , 



from which since AB f | DC , we can conclude, as in 
the solution of Problem 1, that 

EP II Tb and EP - ^(AB = DC) . 
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EKLC 



^ ■ _ * _ _ . 

L#t jithe- trl^gle be lettered as shown and let 

AE and ^ be medlanB Interseotlng^ at P , j 
Now ■ AP 4- fl ^ AB I ' 

or^ . x{m) i- y(EB) ^>AB * 
^en 

x(2u + v) + y(u + 2v) ^ 2ff + 2v J 
£xu + XV + ^ + 2yv - 2u + 2v , 
(2x + y)u + (x + 2y)^ - 2u + . 
Hence 2x+y~2 ^ x+2y^2 ^ and x ^ y - ^ . 

pie same "result Is obtained by using the third 
median with one of the first two. Therefore the 
point ft. Is an element of all three medians and 
is a trlseGtlon point of each. 

Let th^ parallelogram be labeled as shown and 
segments directed as indicated. E is the midpoint 
of IS and M intereects at P , 



'but. m - xm , 0^ yW , W m {1 ^ x)m , and 
: ' ^ FG ^ (1 - y)M ' tod re . . 

Haneej ^subgtitutlng Into thrf first two equmtlons wa 
obtain respectively^ , ' 



and 



or 2yAC + 2xDE = DC 

(1 - y)AC + (1 - x)m ^ K , 



from whlcJy we obtain 

^ Sy ^ 1 - y 
3y - 1 



thus 



AF ^ 



and 



|ac^ 



2x ^ 1 - X 
3x ^ 1 

X - i 



Let the parallelograin be labaied as shown and 
segments directed as Indicated^ with 1 a point on 

AB such that AE = i-AB and VE Intersecting 

m - 

at F . 




0 + ^ ^ 0 ^ iAB and DF ^ W i 

but ^ ^ ^ ^ ^ ^ 

AF ^ XAC , FC s (1 - x)AC , FE ^]yDE , and 

Thus xA? + yDE - iAB or naAC 



, Therefore 



Hence 



+ myDE^i« A^ 
(1 - x)AC + (1 - y)m ^ D^'^ 



mx ^ 1 - X 
mx + X - 1 
(m + l)x ^ 1 



X ^ 



m + 1 * 



EKLC 



Problem Set 10-6 ^ '** 
1. 0 , pi^^ndleular, ■ . 

■2. -24 . ":rf, ^■'■"^•■>1 . ' " ■ " - , • . 

3. -25 . ■ ■ 

4. -24 . 

6. v^ 9 perpandleular. * * 

7. -16 . : - 

8. -96 . - ; r^^;^; . ' ■ ' 

9. 9 . ' ' - . ;/ 

11, Since PQ m [4,-6r^>^ m [12^,8] , the sealar ^ / . 
product PQ * RS = 0 . r 

12, Since m - [3,-12] , ® ^ [-8,^2] , ra - [-5,-X4] ^ 
then ^ . OR = 0 , W * PR ^ 68 , ^ . ^ 153 , 
Sttiee ^ • © ^ 0 , APQR" le a rl^t triangle, 

13 • * (u - v) • (w" - 1) = (u - v) • w + (u" - "v) • (- ^ ) 

i " " " 

= "w ' (ff - v) - f * (ff - v) 

^ u • w - u ^ 1 - V • W + V * g , 
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pgQQf I Let m be My llro ttirough ^tha origin , 0 , 

and let n b© the* parp^dlaular to m through 0 
Let P(x,y) be a j^int (pri m and ft(a,b) be a 

point on n not the oplgMc* 











* ^ 









^ V 



Since m is perpendicular to n , OQ OP = 0 

In terms of componentg, sinoe OQ [a#b] and 

Of -= [x/y] , we have, [^^b] [x,y] ^ 0 whloh Is 
equivalent to ax + by = 0 . ^ 

(1) Let u [p^jpg] and ^^tfq^,qg] j then 

Definition of scalar 
product r 

Conmutative property of 
nuTflberB, ^ 

Definition of scalar 
product . 

(2) Let u - [p^,pg] , V - [q^^qg] , w ^ [t-^.t^] i 
then 

u • (v' + w) 
* ([q^ + t^ , qg + tg]) 
p^(q^ + t^) + pg(qg + tg) 

(P^Qi+Pit^) + (Pgqg+Pgtg) 

(Piqj^ + Pgqg) + fPi^i+^i^) 

U * V U ' W * 



Definition of vector b\M, 

Definition of scalar 
product » 

Distributive property 
of numbers. 



g^) Assoel 
^^S^ proper 



atlve and commutative 
rties of numbers. 



Definition of scalar 
product. 



Chapter 10 



ProQfs Let parallelogram AMD hav€ directed 
secants as shovm and E and F b# trlse^lon 
points of AC as Indioated. 




But 



EB ^ -AE + AB 



m ^^^C ^ and ^ ^ DC 



Hence 

> 



EE m m - km ^ w , 



SB ^ W implies EB DP and H \ \ W , ' 

Therefore DfflF Is a parallelogrem. 

Let parallelogram ABCD be as ahovm -and E and F 
points such that AB + BE = AE and CD + DP ^ CP 
and BE = PD , ^ 




AB + BE ^ AE and PD + DC ^ PC 



ERIC 



ait AB = DC and PD ^ ffi J 

hence ^ = ^ + ffi ^ ^ j 

Milieh 4iiipli9S that AB s WC. aM iW ^jt\^'^ . 

TOierefore AlCF la a pariilielogram. 

3. »" .[-6,-1^ . iR ^ r.3,_5] . . 
' Sinoe [-6,-10] » 2[-3,-5] , 

therefore | | ^ . , 

Henee ^5* | | ^S* . 

But Q lies on both llneB, 

}. - [3,8] , SR m [3,8] , implying PQ « gR and 

fft II M . Also R, s are not oollinear, 

because 

W= [-7,2] ^ [3,8] = m . , 

^epefore, these points are the vertices of a 
parallelogram , 

5. (a) [1,2] . . . (o) [8,10] ... 

(b) [=3,-8] . (d) 1-10,-6] . 



(a) I (d) (1^) 

(b) 2,2. (e) 



1 
7 



1 
7 



7. (A,B) A (D,e) . (A,C) , (C,A) 

(B,A) A (CTD) . (D,B) , (B,D) 

(A,D) 4 (B,C) . 
(»,A) A (c7b) . 

a. (a) (dTb) a (^) + (5^) . 

(b) (57b) a (D,C) + (C,B) . 

(c) (D,B) A (A^) - (B^) . 

(d) (D,B) A (A,B) - (a;D) . 

(e) (D,B) a =(B,A) - (B,C) . 



oo3 






9. (a) (^) A ^W^) i (^)" . • 

, I (b) '(^) A^e^ - . 

(o) (0,D)\ftJ(0;Q) - tOyP) 



(e) (D^y A-e(ofl) + a(o,p) . 

(f) SA7C) A 2(0^"- 2(0^ . 
(s) 15m) a -2(0,Q) + 2(0,P) . 





(h) 


(B,D) * 




a(o,p) . 


10. 


(a) 


X = 3 , 




S , 






. 


(b) 


X - -1 , 




- 3 , 








•(c) 


X = 0 , 




1 . 










V — n 

A ^ KJ f 


y = 


u $ 








(e) 


X = 4 , 


y ^ 


-2 . 






11. 


(a)' 








(d) 






(b)' 


5 . 






(e) 


1/5 . 




(c) 














(a) 


[2,1] . 






(d). 


[4,2] . 




(b) 


[=2,il] 






(e) 


[-4, =2] 




(c) 


[=2,-13 










13. 


(a) 


6 . 






(d) 


9 . 




{b} 










1 .. 




|c) 


16 . ' , 










14. 


4 . 












15. 


0 . 












16. 


(a) 


1 






(b) 


\ 


17. 




pounds 










18. ' 


(a) 


500 


pounds , 







(b) 500 pounds. 



"66^1 



19. .(*) FoPee In AC is or ap 
(b) Force In W Is oj*-^a^prikimately'; 2885- 

(e) Poree In CW Is 500^ 

20. 20. U miles/^r. ^f"' 
11° i,iouth'of esBt.' 
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1. (a) 


2 


(b) 


2 


(o) 


5 



Chapter 11 
ANSWERS AND SOLUTIONS 
WbttLem Bmt 11-2 




(d) 1+ 



(e) 6 




10 




(a) f = e + V * 7 = 12 + 7 ^ 2 . 

(b) f - e + V * 7 - 17 + 12 ^ 2 . 

(c) result of the computation in each case Is 2 

(d) The number f - e + v la not affected. Four 
edges J 3 faces , and 1 verte^c are added* 
3-4 + 1^0 \ 

(a) Iliere la no change in the result of the 



computation, 



«4 4 
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V. 



Problem Set 11-3 



"(a) 1800 , 360 . . 
(b) 3600 , 360 . , 

(a) 5 . . ■ \ 

(b) 7 . . • * 

(0) , 1? . '. 'N 

Ca) 1^0 . ■ '■ 

(b) 1260 . ; . 

The- measure -of an Interior angle 6f a pblygori equals: 

(a) - a)i8o 



(a) 
(b) 



(a) 
(b) 
(c) 

id) 

12 . 
(a) 

m 



(b) 18'0 



6 
36 



360 , 180 - ^ = 150 

(oi 10 . 
(d) 7 . 



(a) 


180 


360 


60 


120 


(b) 


360 


360 


' 90 


90 


(c) 


540' 


360 


lOS 


72 


(d) 


720 


360 


120 


60 


(e) 


1080 


360 


135 


45 


it) 


1440 


360 


144 


36 



' 162 
18 

324Q 
720 



(There are two at each vertex.) 



150 ; ■ ' ^ ^ 

No. The sum of the interior angles of a polygon 
depends upon the number of triangles into which 
the diagonals from any one vertex ^^an divide the 
polygon and is not affected by the comparative 
size of thff interior angles. The average' of the 
measures of the 11 angles, Is 15O • Bat this 
does not Imply that each of the measures is 



10. 



^No, flie ratasure of emch interior angle of a regular 
polygon equals ^ where n rtpresants the 

Tttffliber of sides and muit therefore be integral. 

1S3 fivei a non- integral value to n , 



n 



11, 

12, 



36 



13, 



14. 



15- 



m ^0 + m + m ^ ^ 330 , 

/q ^ , ^ 3k , m ^e ^ 4^ , 



11 k = 330 

^ ^ 30 ' 
m ^ 120 . ^ " ^ 

T^ian /b and are supplementary and, elnoe they 

are conseeutlve Interior angles with respect to *CD^j, 
^BA*^ and transversal ^BG*^^ It follows that ^AB^j |*CD*^. 

For all values of n > 4 ^ ABCD 
i^s a quadrilateral. ^ABC S ADGB 
^by S,4^S, Thmn ID S , Then 

ft ^DCA by S.S.S, It 
follows that m /BAD ^^m^^ 




Also sinee m ^CBA m m ^GB 
and m £bad + m /GBA + m ^CM 
+ m ^DCB ^ 36o J it. follows that 
2m ^BAJ) + ati ^CBA ^ 360 or m ^BAD + m /CBA ^ l80 , 
Then £BAD and ^CBA are supplementary , and sincB 
they are the oonseoutive interior angles of trans= 
vereal ^BA^ and lines *BC* and ^AD*^, it follows that 
AD I I K . . 

m /cm ^ 18^ , 
m /DCX 36 . 
m ^ClD ■ 1% , 

(a) 4 . 

(to) 6 . • 



^ 

^ ' ■ 668 J ^ 



Ho) Yes. Hie miiAiOTf of aaeh Interior angle vwuld 

have to be a faetor of 36o , or 

x{n - 2)180 ^^/^ ' 4. w V- *.t_ j_ ^ k 
^ ^ ^ ^ 3qO must be ©wh that x iB hxi 

. Integer and n is an Integer ^ 3 * 

ari ^ ^ 4 4 * ^ 4- 

X - , g ^ 2 + ^ ^ g * n - Z ^ integer 

for n only if n = 3 , 4 , or 6 , TOiree 
hexagonal tiles would be needed, 
(d) 2x + y ^ 360 

a • 108 + 144 ^ 366 ; 2 pentagons and one - 

deca^h . , 

2 ' 150 + 60 ^ 360 ; 2/^Tdodecagons and an 



4quila^ral triangle, 



No polygon withs^mora thans^l^' sides could be 
uBed slnGe y > 60 ^d henoe x < 15O , 
(e) Some of the pbsslble combinations using three 
regular polygons each with a different number 
of sides arei 4,6,12 j 4,5,20 | 3>8,24 ; 
3,10,15 I 3,7.42 ; 3,9,18 . . / 
[^e numbere represent the number of sides,] 

(a) inoreaies, 

(b) remains the same, 

(c) increases, 

(d) decreases. - ^. 

Problem Set 11-4 

(a) Areas are 6, 12, 24, 48 , Ratio is 1 to 2 

(b) Areas are 6, 18, 54 . Ratio Is 1 to 3 , 

(c) Altitudes are 20, 10, 5, § , ^ * Ratio is 
2 to 1 . ' \] 

(d) Areas are 2, 18, 162, 1458 . 1 to 3 j 
1 to 3 I 1 to 9 j similar. 

(e) 1 to 9 i 4 to 9 • . ^ - 



4. 
5. 



(a) I ' 

(b) i 

(a) 1 to 3 

(b) 1 to 8 

68 and 85 
0 + b 

a 



bob 



Ob 



a 

(a) Rg 
(b) 



b 



(d) 



2 
T 



(c) 3 to 1 

(d) 4 to 5 



A ^ + b- + 2ab = (a + b)^ 



(c) (d) (e) A rectangle is eeparated by its diagonal 

into two congruent triangle e, 
(f) Combine steps (c)^ (d)^ (e). Postulate 2?^ and 
the addition property of equality, ^ 



Problem Set 11^5 

Thm following claseificatlon of problems should help 
teachers in making dally assi^iments. 

Theorem 11=3 = = ^ -Problems 1-6, 



1. 
.3, 



a?heorem il-4--- 
Theorem 11-5^ — 
Tliaorem 11-6--- 
Ttieorem 11=7—^ 
Miscellaneous == 

30 

72 

36 * 



— — — ----Problems 7 - 11, 

.^1^ -----Problems 12 * l6, 

Problems 17 - 20. 

= -----Problems 21 - 23. 

— ^-Problems 24 - 34, 
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•5< (a) 


ih 4/2" 

2 


(b) 






6. (a) 








(e) 


7. (a) 


60 




24 


(c) 3 


8. (a) 


3 to 




(c) 


1 to a 




1 to 


a 




1 to 1 


9. (a) 


12 




(e) 


12 


(to) 


IS 




(d) 


16 ^ 



Id. 



(d) 4- 



By hypothesis we have an equi- 
lateral triangle ABC with the 
measure of the side * s and ^ 
area - A , 

We are required to prove 

Let D be the foot of the altitude upoh W . 

mien ' ' . " "• 




(a) DB = AD or DB = 



(a) 



•(b) 
(o) 



(b) 



a ^ 



A ^ 



s or 



A ^ 



4 



OTie altitude of an 
equilateral triangle 
bisects the base. 
Pythagorean O^eorem. 

(o) From Step (b) wlt^ 
the properties of 
equality, 
(d) The area of a trl- 
; . angle Is half the 
/^'product of any base 
and the altitude 
upon that base, 
^e) From Steps (e) and 
(d) using the sub- 
• stitutlon property 
of equality. 



^Pupils should be able to omit this step and obtain. 
CD from Theorem 7*10, ' . 
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11. 

12. 

13, 
14, 
15. 



2kO 
240 
2l6 

d ^.40 



8o 




In a square with length of iide 
m s , length of diagonal ^ d 
and area = A ^ we are required to 
prove that 

,2 



23, 



A square Is a rhombus and also a rectangle. As a 

rhombus, A ^ i the product of its diagonals. As a 

^ ' 12 

rectangle^ its diagonals are equal* Hence A ^ 



16. 


32 








17. 


84 








18. 


56.2 








19. 


(a) 


70 


(c) 


70 \/S 




(b) 


70 


(d) 


140 


20. 


5 








21. 


(a) 


21 


(d) 


36 




(b) 


102 


(e) 


l8 




(c) 


12 






22. 


i6 

y 







EF 



b 



2^ 

a + d - b 



D(b,c) 



Let ABCD be the trapezoid with AB j | CD . We use 
the coordinate system in which A is (0,0) , 

is (a,0) I D is (b,c) ^ and C is {d^o) 
where a >0, o >0, and d >b. 
The midpoint of M is 

(|#|)^ The midpoint of 

^ ^ ^ ^ Then 

a + d 



A (0,0) 



AB + DC - a+ (d -b) - 2EF, and EF - ^ ^ , Bat 

m = EP and h = c are the lengths of the median and 

altitude, respaotively . Using Theorem 7-1 we see 

AB + DC 

that the area Is given by h * - — " = hm, 

072 



12 feet* 

Area of ^AjDC , Area of ^ABD ^ 35 , 

Total area ^ -I • 7(26) + ^ • 5(28) ^ l6l 

Area PQBA ^ 63 ; Area ftRCB^ 4o , 
Area of ABCD I6I « (4o + 63) ^ 58 , 



Measures of the sides are 




'6 + 8 or ySo , , yiOO . By the converse of 

the Pythagorean Theorem, these sides form a right 
triangle. The area is ^YW'^0 = 20 . 

(a) D = (-2, =6) ^' 

(b) A =-'-|yTSHyW = 32 

Altitude = 6 ; Area - 3(27) = 8l ; 

Area = i(4 • 9) + |(5 • 9) = i(9 ■ 9) . 4o| . 

Area of AEFC = Area of ABCD - (Area of AAEF 
+ Area of AEBC + Area of AFDC) 



= 7 ' 5,- •2 + 5- 5 + 2'7) = l 



ABCD is a parallelogram and ABDE is a parallelo- 
gram since In each one pair of opposite sides are 
both congruent and parallel* ABQD is a rhombus and 
ABDE is a rhombus since each is ^ parallelogram with 
one pair of adjacent sides congruent, AD - BC ^ EA 
^ BD by hypothesis or because they are opposite sides 
of a parallelogram. Then AD ^ BD ^.AB and ^ABD 
is equilateral. Similarly ^EAD and ^DBC are also^ 
equilateral. Moreover the three triangles are 
congruent, Therefore the area of rhombus AEPB - area 
of rhombus AWB , Area of ABDE^^^KB * AD and 
Area of ABCD ^ ^AC • BD - There 
^AC * BD = ^EB * AD or AC • BD ^ 

hkB * AC = Area of ^ABC ^ i-AD * BC 
Therefore AB ' AC - BC AD . 




2 ^ 

673 --^ ^ 



In terms of the diagram we must prove that 
Area of ABCD « ^DB • AC , 

Area of ABCD ^ Area of AADB + Area of ^CDB . 
Since M DB ^ this becomes 

^AP ^' DB + ipC ' DB or iDB(AP + PC) . 
But . AP + PC ^ AC , 

Therefore Area of ABCD - ioB ^ AC . 

w ■ 

" fi 

Problem ^ Set 41-- 6 

Proof I For. deflnlteneSB we prove the theorem for a 
set of three parallelograms 

(a) By hypothesis, all the bases have the same 
measure^ say b , Let the areas of the 
parallelpgrams be A, A*, A" , and let the 
corresponding altitudeB be h'^ h" , 




Now A = bh , A' - bh» , A" ^ bh" | hence the 
numbers A, .-A', A" are proportional to the 
numbers h^ h** h" with the non=zero number b 
as the proportionality constant, 
(b) By hypothesis^ all the altitudes are the same 
number^ say h , Let the areas of the triangle 
be Aj A', A" f and let the corresponding . bases 
be b, b», b" . 



^ xj 
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hence the 



the 



Now A - hb , aI ^ hbi , A" - hb' 
numbers A, A», A" are proportional to 
b, b" with the non-zero number h as 

proportdonallty constants 

By hypothesis^ all the areas are the same number, 
say A , Let the bgses of the triangles be 
b, b»^ b" , and let the correepondlng altitudes 
be h, H», h'' . 



Now A ^ bh A ^ b'h/ , A ^ b"h" or 

bh - b»h» b"h" - A>\ Thus ^b, b», b*' are 

Inversely proportional to h, h»^ h" , 

All three have the same area since all have base 
AB and altitude AF^ . ^ 



Each triangular-region has the distance from E to 
AD as altitude. Since the bases of ^ R^^^ and 

1, 2, 3 



^3 



are proportional to 



^1^ 

the areas of 



Rg, are proportional to 1. 



by 



Theorem 11-B, 
Area of ADPC 



h» 



^^gg = ^ by Theorem ll-9a since 



ADEB and 



irea o 

ADFC are parallelograms. 
, h • AC 

Now 1^ = since corresponding sides pf similar 

triangles are proportional , 



AC 



lOx 



Then the areas of ADEB and ADFC are in the ratio ■ 
of 2 to 5 , 



675 



2' ' 

^ u 



By hypothesis we have 
parallelogram ABCD divided 
Into ^ triangular-regions , 

, BEC , , CED and DEA 
l^y diagonals TO" and BD . 

are required to prove 
v^that all four' triangular 
reglo^s.^have equal area. 

Let h be the length of the. perpendicular from D 
to AC . Then h is the altitude of AAED upon 
base AE and h is the altitude of ACED upon W , 
AE = EC Bince the diagonals of a parallelogram 




blBect each other 
Area of ^AED 



Then 
' AE ^ 



EC m Area of ^CED 



But AkEB - ACED and ^CEB ^ AAED (S.S.S.), 
Since congruent triangles have equal areas ^ 



Area of AAED ^ Area of 
^ Area of aCEB , 



AGED - Area of AAEB 

CD is the median of AABC . 
CD forms two triangular- 
regions ADC and DBC , 

We are required to prove that 
regions ADC and , DBC havi 
equal areas. 

Both regions have the .same altitude (the length h 
of the perpendicular from C to ^AB^, ) 

AD ^ DB from tiie definition of median, 

DB j and thus t 
Area of region ADC ^ Area of region DBC , 




AD =i ^ 
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% Problem 6, 

Area of ^ACD * Area of ABCD 
and 

Area of AkOD m Area of ABOD 
Then 

Area of ACOA * Area of ABOC 

Similarly it can be proved 
using median SF that 

Area of A BOO = Area of AAOB 

Henct Area of AAOB ^ Area of ABOC - Area of ACOA 

By Problem 7> the medians separate ^the trlmgle into 

regions of equal area; so If the cardboard triangle 

has uniform thlclmess, we should expect the regions^ 
to have equal W;elght, 




Area of A ABO 



Area of ABOC = Area of ACOA 

Sl_f 



72 



Area 


of AODI 


/ 






(a) 






(b) 


IS , " 




(c) 


io| . 




(a) 


15 . , 




(b) 


90 . 




(c) 


405 




(d) 


225 




(a) 


3 to 


1 


(b) • 


1 to 


k 


(c) 


3 to , 





72 



Area of AAOP 



(e) 



3 to 
11 to 



10 



*" w 
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13,. No. Let b, h> b + 5 , h - 5 J denote a base and 
corresponding altitude of the first triangle and a 
base and corresponding altitude of the second triangle 
Then their areas are equal if and only If 

bh ^ (b + 5)(h « 5) - bft + 5h - 5b - 25 , 
that is. If and only If 

h - b + 5 . 



14. ^ 



16 
15 



Probl em Set 11-7 



1. 


16 

75 






2. 


4 

5 ' 


4 

5 


4 

' 5 


3. 


4 


to 


1 


4. 


30 






5. 


S 




= a 




s V 










4 






If on OA points D and , E are 
selected such that CD ^ CE ^ CK 
are proportional to 1 ^ j/^ , 
and If through D and E , DP 
and EG are parallel to 11 , 
then the required polygonal- 
regions will be determined. 



(a) 




A method for looating D and E 
is begun in (a) where Is any 

convenient unit, NO Wo^ , and 
OP ^ OC S and completed in (b). 
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(b) On any angle with vertex 0*', take A' on one 
side and N», 0', P« on the other side so that 
C««A' = OA, C<*N* ^ C^, C«»0* ^ C«Oj» C«»P« ^ CP. 
^aw parallel lines aa suggested in the figure. 
Use lengths C*»=D» and G**E' to lOGate D and 
E; draw W and W parallel to AB. 

Area of CDF , Area of CEQ , 
Area of CAB are proportional to 
(CD)^ , (CEf , (CA)^ or to 
1, 2j 3 , It follows that 
polygonal areas CDF , EGFD 
and ABGE are eaoh ^ of the 
area of ABC and are therefore 
of equal area, 

7* Let K be the proportionality factor. Then by 
definition of similar polygons ^ 

AB ^ K ^ A»B» ; BC ^ K * B^C^ j CD ^ K - C»D» ; 

DE ^ K ' D«E« J ED ^ K • E>A» ; and the corresponding 

.angles have equal measures. It can then be proved 
that the corresponding triangles formed by the 
diagonal B and the sides of the given polygons are 
similar. Thus by the S.A.S. Similarity Theorem 

^ABC ^A«B*C« and AADE ^ AA*D»E» . 
m ^ACD^ can be shown equal to m /A^C'D' and 
(AC, DC) p (A«CSD»CO . Then 

AACD ^ AA'C'D* by the A. S, A, Similarity Theorem. 

It follows that ^ K^R»^ J Rg ^ K^RJg and 

2- 

R3 = K R ^ since the areas of two similar triangles 

are proportional to the squares of any two corre- 
sponding sides. 

Then + R^ + ^ K^CR'j^ + R'g + ^) ' ^ 

dr the area of ABC'de - K^(the area of A»B»C»D»E») , 

Area of ABGDE _ _ / AB \ 2 _ S" 
Area ot A<B«C»D»1* - ^ ^ WWl ^ JsO^ * 




The proof In Problem 7 would be changad to show the 
area of ABCDE,..N ^ (the area of A'B'C »D«E» , . .N" ) • 
This requires the Insertion of an indefinite , finite 
number of triangles of the form of AACD between the 
triangles containing the side of the polygon having 
A as a left endpolnt and the one having A as a 
right endpolnt. The corresponding pairs of such 
.triangles can be proved similar by the S.A.S* 
Similarity o^ieorem, 
in 7 • 



The procedure Is similar to thaf^ 



9. 
10. 
11. 
12, 



13. 
14. 
15. 

l6. 



12 

1 



7 

To 



Let square ABCD have 
sides of length a 
Then square ACEP has 
sides of length a , 
Then 

Area ABCD ^ a 



Area ACEP ^ (a 



9 



9 



Area A ABC 
Area A DEC 



9 
1 



2A 



10^ 



^ 2 



S ^ 10 4/5 





Bif hypothesis ^ABC is equij,^ 

lateral, CD is the altitude 

of ABC J length of TO ^ a * 

^CBP ^ ^CDE with side Cl 

corrasponding to TO , We are 

required to show that 

Area of aCBF _ 4 
Area of AOBE " 7 ' 



Let S be the length of a side of AABC 

2 



Area of ^CgF 
Area of ^CDE 



since the areas of two aimllar 
triangles have the same ratio 
as the squares of any two 
corresponding sides. 

But the altitude of an equilateral triangle Is 
times the length of a side of the triangle, ^ 

Area of ACBF _ S ^ ^ 

Area of aCDE ^ ^ ^ ^- " 7 * 



Let 
Then 



^ length of the wire 



^ ^ length of side 'of the square and 
w- - length of side of the triangle. 

Area of the square ^ ^ ; 



area of the triangle 



Area of the square 
Area of the t;riangle 



^ 9 
9 



Problem Set 11-8 

Yes, It is the altitude of an Isoscelea triangle ^ 
of which the side is the base." 

20 , 

3 , 24 , 3 , 36 , 



s 

^ — 



5. , 2 , 6 



6. iM 

7. (a) 



2 2 2 4 



(b) |bh = |(16^)(24) = 192 . 

8. (a) 288 -i/J . 

(b) 48 i/I , A B = i • 12 • 48 1/^ = 288 |/3" 



A , 6 (8 ^ 6 • 



64 



288 V? 



1. 



Problem Set 11-9 



Regular 
Polyhedron 


Boundary 
of 
Face 


Number 
of 
Faces 


Number 

of 
^-Edge s 


Number 
of 

Vertlcee 


Number 
of Paces* 
(or Edges) 
at a 
Vertex 


Tetrahedron 


Regular 
triangle 




6 


4 


3 


Octahedron 


Regular 
triangle 


8 


12 


6 




Icosahedron 


Regular 
triangle 


20 


30 


12 


5 


Hexahedron 


Square 


6 

^ _ 


' 12 


8 


3 


Dode c ahe dr on 


Regular 
pentagon 


12. 


30 


20 


3 



(d) 6 - 12 + 8 ^ 

(e) 12 - 30 + 20 



f e + V ^ 2 , 

(a) h ^ b -V h ^ 2 

(b) 8 - 12 + 6 ^ 2 

(c) 20 ^ 30 + 12 ^ 2 

Yes^^the property does not appear to depenc 
upon the length of edges or the TOasure of 
angles. 



A polyhidr:on 'consists of ^T^lnite number of polygonal 
rmilonB Joined together in a manner - specif led In the 
definition* Two planes M and N Intersecting In 
line ^ ^ form regions which are halfplanep but form 
no= polygonal regions^ as in (a) below. If a third 
plane ^ R intersects plane M and plane ' N two 
distinct lines ^ ^ and respectively ap in 

(b) and (c) below, again no polygonal regions are 
formed. It takes a fourth plane to form a polygonal 
region. These regions^ now formed^ satisfy the requir 
ments specified in the definition of a polyhedron. 




583 



Problem Set ll^lQ 

Let m represent the measure of the third face 
angle In each of the problems. 



(a) 


25 


< 


m < 175 


(d) 


30 


< 


m 


< 


40 


(b) 


25 


< 


m < 135 


(e) 


85 


< 


m 


< 


175 


(c) 


75 


< 


m < 165 


(f) 


15 


< 


m 


< 


175 


(a) 


+ 






(e) 


0 










(b) 


0 






(f) 


0 










(c) 


+ 






(&) 


0 










(a) 


0 






(h) 


+ 










O 






Problem 


Set 11- 


■lla 











^ definition of a prism, the lateral faces of a 
prism are parallelograms. If e^^ e^, e^* e2^,.,,e^ 
represent the lateral edges, ahy two eonsecutive 
edges, such as e^^ and e^, or e^ and a^, are 
parallel since they are opposite sides of a parallelo 
gram. It follows that e^ \ ( e^ since if two lines 
are each parallel to a third line, they are parallel 
to each other. By continuing this reasoning, it can 
be established that all the edges are parallel to 
one another. 

Let e^, e^, e^, e^^, **^®n edges of a right . 

prism with bases and Bg , 

By Problem 1, I ! | | j | e^ | | , . ; | | e^ % 

By definition of a right prism, one edge, say e^ , 
is perpendicular to one base, say B-j^ % Then, by 
^Theorem 9-^11, Is perpendicular to 

egi 63, e^, *..ej^ ^ Since B^ |j B^. by definition 
of a prism, e^ X ^2 by Theorem 9-10, Then, again 
using Theorem 9-lli e^, e^, e^^, s,,e^^. Thus 

every lateral edge Is perpendicular to each base. 



68 U.., 



5 



Problem Set ll--llb 

(i1 Opposite sides of a parallelggram are congruent. 

(2) Definition of a right section 

(3) ^ The area of any parallelogram 'equals the product 

of any base and the altitude upon that base, 

(4) Distributive property of numbers 

(5) Subs^tutlon property of equality 

In a right prism, the base is a right section, it 
follows from Theorem 11-20 that the lateral area of 
a right prism Is the product of the lateral edge and 
the perimeter of the base, 

210 

Total area ^ lateral area + 2 * (area of the base) 

^ 240- + 2 % 16 ^ 

^ 240 ;f 32 . 
3 , 6 , 3 ; 30 , 60 , 90 J ; 

The measure of each side of the base is l6 . The 
lateral area Is 94^' 20 , or 1920 , 

Total area - lateral area +■ 2 * area of base 

- 2 * 20 • 12 + 2 ^ 10 * 12 + 2 ^ 12^ ■ 
(ap^titude of faces with angle of 
■ measure ^of 30 Is 10 . ) 

^ 2 * 12(20 + 10 + 12) 
24(42) 

= 1008 . ^ 



9. 



Z 
4 



/ 



F 


(0.0P) 




S(o^^c) 






/ 




/ 


\{Q,Ofi) 


/ 




0(0,0,0) 


C(o,b,o) 



The diagonals of a reot angular 
parallelepiped have equal 
length* ' 

Proof ; , There Is a eoordlnate 
iyitem which' aselgns 
eoordinates to the vertloes 
.of a raatang^ar 
parallelepiped as ehoim in 
the diagram. 



Then in terms of the data on the diagram we are 
required to prove that EB = DG = PC ^ AH . 
^^the diitanoe formula 



a + b~ + e 

+ G 



DO ^ 



a^ + b£ 4^ o2 



'pC s l/a^ + b" + 



Therefore EB ^ DO ^ AH ^ PC , 

10, Using the diagram of problem 9, we ai*e required to 
prove W p m , W <:i W bisect each other or that 
the same point is the midpoint of each diagonal. 



Midpoint 


of 


II - (|, 


b 




midpoint 


of 


W - (|, 


b 


f) ; 


midpoint 


of 




b^ 


I) : 


midpoint 


of 


m - (|, 


b 


|) . 



Since^^all the diagonals have the same midpoint^ they 
bisect each other. 



Problem Smt ll^lg 

V ^ hypothtsls we have a ragulap 

pyTamld V-ABCDE...N . We are 
required to prove i 

^AVB , ABVG , ^CVD , etc,, 
are Isosceles mnd are congruent 
to each other. 



Ci) 


Let 0 be the foot 


(1) 


Definition of 




of the ^ from v 




regular pyramid 




to the base , Then 








0 is thP r^n f'^r* rsf^ 








ABCDE, . .N , 






(2) 


AB ^ BC ^ DC ^ Dl ^ , , NA. 


(2) 


Definition of 








repilar pyramid 


(i) 


OA ^ OB ^ OC - OD ^ 01 J 


(3) 


Prom meaning 




etc . 




of center 


(^) 


AVOA = AVOB S ^¥00 ^ 


(^) 


3 * A « S « 




etc . 






(5) 


VA ^ VB * VC ^ VD , etc. 


(5) 


Definition of 








congruence 


(6) 


AVAB ^ A VBG AVOD , 


(6) 


Each has two 




etc. are Isosceles, 




congruent sideSj 








Step (5) 


(7) 


AVAB S AVBC S AVCD , etc. 


(7) 


S\S,S, steps 








^(2) and (5) 




faces of a regular pyramid are 


congruent triangles 



as proved In Problem 1 , The area of each triangle 
equals ^ tl^e product of a base and the altitude 
upon that base. If s is the length of a side of 
the regular polygon and n the number of sides, then 
there are In the lateral area n triangles each of 
area . The lateral area ^ ^s • n - -gap since 

the perimeter p of a regular polygon of n 
sides ^ ns , 




(a) A. ='|ap = I . ^ . 18 W 49| aq. In. 

(b) or -g^ , depending upon the units uaad, 

< 

80 • , • - 

8 ■ 

24 

Trapezoid 

A - |a(p + pi) , 

112 I 212 ■ ^ 

5 . 

(a) /Two parallel planes intarseet a third plana In"" 
two lines which are parallel to eaeh other, and 
a line euttlng two sldei of a triangle and 
parallel to the other side dlvldei the triangle 
into two similar triangles. 

(b) if W is the altitude of V - ABCD , then hj 
definition it is perpendiaular to the plane of 
the base. It must, then, be perpendicular to 
any line in that plane which aontains Its foot* 

(a) VK perpendicular plane of IPOH ilnce a line 
perpendicular to one of two parallel plants Is 
perpendicular to the others Thmn uae the A. A. 
Similarity Theorem. 

(e) 2^ 

(f) 6 . 

(g) 32it 

(h) i8o j ; . . 

(^\ _ ^ 9 . ^ma. of AVAB _ /ABxS 9 

^-^ " ^ 3 ' Area ol' aVEP " W " • 

Areas of similar triangles are In the aame ratio 
as the Bquares of any two corresponding sides, 

Araa of aVAB - Area of AVEF ^ 9-4 

Area of ^VAB g ' 

Area of one sectlpn of frustum _ 5 , 

^pftrea of corresponding lateral race "* "f ' 
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12 i Proof! 



(a) 



1. Plime A»B'C» 
1 1 plana ABC 

2. wu^ II , 

II W , 
AVA'C* ^ AVAC 



2, A'B' ^ VB» B"G* 
VQ« A»C» 



AC 



A'Bt B'C _ A'C» ,^ 



6. AA'B^C AABC 



(b) 1, AVA»P« ^ AVAP 



VA' _ VP* 



3, But 



VA' _ AJ^» 

VA" 



AB 



Dtflnitlon of a 

If two parallel plwfea 
Intersaot a third 
plan©, the inters 
saotions art parallel, 

A line parallel to ont 
side of a triangle 
and duttlng the other 
two sides divldei the 
triangle into two - 
elmllar trtw^lee, 

Thm meaeurai of ■ 
correeponding sides 
of similar triangles 
are proportional. 

Transitive property 
of equality. 

S*S,S, Similarity 
Theorem * 



TOierefore "^J^ ^ 4. 



Area of ^A'B'C 
Area or z^abc 



/ A'BU 2 ^ ,ks2 
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A. A, Similarity 

Theorem* 

Corresponding sides 
of aind.lar triangles 
are proportional * 

Corresponding sides 
of ilmilar triangles 
are proportional , 

Substitution 
property of equality. 

Areas of similar 
polygons are 
proportional to the 
squares of any two 
corresponding sides. 



ERIC 



13* 96 square Inches 
24, 5 feat '- : 



Or ^ 

6go 



EKLC 



Chapter 11 
Review Problems 



1, 156 , 24 

2, 36 

3, Na. 2r(n ^ 2)l8o] - (2n - 4)l8o ^ (2n ^ 2)l8o . 

4, 64 to 169 

5, ^ 44 < measure of third faoe aLngle < 156 

7* Yes, Squares^ equilateral triangles and various 

combinations ''as discussed in an earlier problem set. 
The sum of the^ measures of thf interior angles must 
be 360 , . ^ . 



8, 




and h = , 



9. 



(b) A ^ |hs . l(|^)s -^s^ . 

(a) ^ ^ ^ (c) 

(b) 16^ ^ (d) 



10. 



- 6 



h - 3 



11. 3 



16 



A ^ 64 




14. Let %he length of the 



D 



side of the Isosceles 
right triangle be e , 
Then the length of its 
hjrpotenuse is 6^^* and 
the area of a square on 
the hypotenuse Is 

(e $/?)^ ^ 2e" , The area 

1 2 

of the triangle is -ge" , 
which is one-fourth of the 




A 



B 



E 



e 



"area of the square. 
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15, 



AltegMite iolution i Kie five triangles In the 
drawlog are all congruent; so all have the same 
mtksLn Therefore J area BCDl Is foiir times 
area A ABC . * 

* .' • " 

BE ^ 12 , 



(a) ACPD S ACIB 

(c) (BC)^ - 256 or 

BC = 16 

(d) |(CE)(CF) = |(CE)2 

^(CE)^ .^ 200, 
CE = 20 
(£) BI = 12 



l6^t., (a. J, 24 . 



Inauf ficlent data 



17- 



RSPQ Is i 



,-4 

' aria of 
'^Vt^tat of ABCD as can be 
^l^en by rearrknglng the 
trlan^lar regions as 1 
shown. Use the S*A,A. 
Theorem to 'justify ^is 
emplo^ent of the 
triangular regions. 



(a) a,s,a; = . i 

(b) j^flnltlon of aoniruenoe 

(d) Prom the given area at 
^ the square , - 

* 

(d) By hypotheBia and 
Step (b) 



(e) Pythagorean TOieora 



m 



(e) 81/^/5 

(f) 216 

(g) Insufficient data 

(h) 30^/3* 




18. 12 

19. 150 = A and is| = s 
,20. 48 
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' 21. 1010 



7.^ 



A - I . 15 . 44 . 24 

^ ' ' ' + 4 . (24 + 16) 

? A. ^ 



. 16 

as 



12 



s 22* Considar * BX 



23, 



24, 



25, 
26. 



as a base for ABXC and BA as a 
ADQB , Ttimn the area of 



yaae for parillelogrMi 

mC Is ^ of the area ADCB . B^r similar 
argument, the ar©a of ^CiD is | of the area of 
ADQB . ^ subtraating the areas of the tv^o triangles 
from that of the parallelogfM we have the area 



Aiqx or 



the area of A]^D 



Since ^ AB is oonetant then the altitude to '^B*' must 
be oonstant'ln order for area to be eonstant. Gall 
the length of the altitude from P to *AB* h , Thmn 
in plane E , P may be any point on either of the 
^titfo lines parallel to *AB* at a dlstanoe n from 
AB . space, may be any point on a cylindrical^ 
surfaoe having AB as its axis and h as its 
radius* 

AC s 9 i/S ; AF = 9 i/I ; PC = 9 ; m /PAG « 6o . 
^AC is an equliateral trlangla whose area Is 

I^ll! ^ or 

Ihe diagonal of a cube i ^/m^ + (e ^/f)^ ^ e 
where e Is the edge of the cube, d ^ 6 . 

Suppose AB > CD, Let . IF 
be median of ABCD^ Take 
M on - aF so AM = IF . 
Draw Cm . !^en AMD and 
IffiCD are the required regions* 




Area of Am ^ -gh ' AM ^ ^ • eF . 

Area of WAB ^ h * EP since the area of a trapezoid 
equals the product of its altitude and Its median 
(from Problem 3 J Problem Set 11-5.) 

693 25', 



27 



Apmm of. km ^ ^ of the area of ABCD and the 
area of IffiCD must be the .other half of the area 
of ABCD and thus equal to area AMD • * 

\ , Ltt and CF be perpendicular to 

* ^ ra. nien Al • 4 and m - 4 

:^ CF * ^Then ^ ADAE 



D 4 




slnae they are right trianglee 
with one leg and an acute angle 



"eongrueot , Then 
IF ^ If ^ DC . 




Then the area^of, ABCD 

28. AB p 9 ; DC ^ 5 i altitude of ABCD ^ 2 . 
Area - i *^'2(9 + 5) ^ 14 , 

29, (a) P5 li the median of trapezoid ABCD . 

D 

We are required to p^ove that 
I I M , H I I AB \and 

K ^ |(AB + DC) . 

Let - K be the point of 
Intersection of ^AB^ and 
^e* . ^en i^DCQ m ^^KBft 
(by A.S.A,) and DC ^ BK and DQ ^ QK 
(definition of congruenoe.) 

In ^DAK and ADPQ , DA = 2DPS DK ^ 2DQ , 
^D = ^D , so a DAK ^ ADPQ , ' Then ^DPQ ^ ^DAK 
and AK - 2PQ . f5 j | II (since corresponding 
angles are congruent) and hence 75 is also 
\ \ W . 

AK^AB + SC^AB + TC« 2PQ , 

Hence PQ = |(AB + DC) . 
(b) 8 . 
(e) l4 • 



A|*aa of trapezoid DFIC ^ 34 . 

Area of trapezoid AGFD m. 165 , and io area AOpOD 
m 199 . Area AAflB = 30 . 

a 



Area ^BQl ^ 3S| . aibtraatlng *the sim of the areas 
of the two tftangles from AOEGD we have 
^e area of the field is l36i square rods. 



136| 



%potheslii In right triangle ABC , /p li the 
right angle. AHCK is the square on TO j BCOF Is 
the square on j CAED is the square on Cff * 



To 




vei Area of A! 



m area of ACDl + area of 

mm . 

Draw CM^II A^ , CK , and^ M . Gall the inter- ■ 

section of CM and ffi j L , 
D 




6^5 ^ J^u 



StatsmtntS' 



Raasone 



1. 

a. 



8. 



10. 



In and A BAl 



Area of AKAC =, ar^ 
of 'A BAE . 

C, G are Qolllnear 
and B, G, D are 
collln^ar , 

In A BAl and square 
ACDE ^ may be Gon- 

aidered aa the base* 
Then in each, has 
the same measure as the 
altitude upon base SE , 



Area of A BAE ^ 



of 



the area of square ACDE. 

In similar manner , A KAC 
and rectangle lO^lLA may 
be considered as having 
AK as base and Ta as 
the altitude upon TO * 
Area of A KAC ^' ^ of 
the area of rectangle 
KMLA . 

^ ^area of MLA ^ 4 area 
of ACDE or area of 
KMLA ^ area of ACDE , 



1. Sides of a square are 

congruent , 
2* Each is the sum of 90 

and Aha measure ©f 

£gab . 

3. S,A.S* 

4. Congruent trlanglea 
have equal 'areas. 

5. Two adjacent right 
angles form a linear 

^ pair. 

6. *DB* I j"*!^ so the 

perpendicular from B 
to *EA* has the sajne 
length as CK * 



Area of a triangle is 
^bh and area of the 
square Is bh . 

I I so the 

perpendicular from C 
to ^K* has the same 
length as "LA . 



ThB area of a triangle 
is ^hh and the area 
of a rectangle is bh. 

10* Substitution property 
of equality^ uslng^ 
Steps 4, 7, 9. 
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11, 



In like manner, ^ttdp 
dmwlng IS"' and ^ , 
Ifc ^Bn hm pro^^ivthat 



12, 



area of wmh^^^ area 
of BFQG , ^ 
^en arsa.^df + 
area df MffiL ^ area 
of ApDl + area of 
APQO J henee area of 
AKIffi ^ area of ACDl 
+ area of BPOC . 



11. Steps 1 throufh 10, 



12, Addition property 
of aquallty. 



"Bimn AU' ^ AB ^ o 
^e area of 



ABAC ^ATU by (S,A,Sj, 
(definition of oongruenoa,) 

BCTU ^ |h(b^ + bg) ^ |(a +*b)(a + b) ^ |(a2 + 2ab+b^). 
But the area of BGTO equals the sum of the areas of 
three right triangles. (^BAU is a right Mgle since 
^BAC and ^AT are oomplementary. ) 




BCTU 



^ |ab + |ab + ^ |(Sab + o^j ^ 



i(a^b + o^) ^ |(a2 + 2ab + b^) ^ 



and 



2 2 2 
a + b- 




ThB total area of M 



Cube AO has K as 

midpoints of the sides which 
meet at A * The length of 
the aide of the eube'is 12 , 
We are required to find the 
total area of pyramid 
M = AKL . 

l^ie area of ^f^K = area of 
AMAL - area of ALAK ^ l8 . 
MK^ML^KL^e^j then 
area of ArffiL 

AKL a 3 • 18 + 18 yl" 
^ 18( 3 -H 



25- 
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lOp * ^80 where p = perimeter of the base,' 

Side of tift base ^ f ^ 8 1 apothem ^ 4 y7 . Thm 

^ases are congruent re©ilar hexagonal regions aaeh 

the union of six aongruent equilateral trianglei . 

Thm side of each triangle ii 8 and its altitude is 

k ^ . ^e area of the two basis^ 

- a(6)(|)(8)(4 1/7) ^ 192 . Thm total area 

m km + 192 4^ . 
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Chapter 12 
ANS^^a AND SOI^nONS 
n*Obl#m Set 18-1 



♦ i 

1-' 



(a) (l) Qhord, seoant 
(S) radius 

(3) length of the radiui or Just radU^us 

(4) dlu^terj saowt 

(5) ohordj seeant 

(6) A, N, T, R, M, 

(7) Q, 0, 0 

(8) outer end J TO 

(9) outer and 

(10) OM or .OS or equal to the radius 

(b) (1) radius 

(a) A, H, B 
^3) diameter 

(4) great oirele 

(5) ohord 

(6) iphera, one Bnd only one 

(7) a olrole, 0 , OH or OM or OB or OA 

(8) an infinite number 
an Infinite number 

, congruent 

(9) a point which Is to be the center and a 
number whleh la the radius or a segmant 
which is congruent to the radius' 

(10) an infinite number 
coneentrlc spheres 

(a) 0 , (e) 0 

(b) + (f) + key 0 - Pfelse 

(c) " 0 - (g) + + ^ True 

(d) * ^ (h) + _ 



J 



2Go 
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3. 



7. 
8. 



(a) 
(b) 
(o) 

la) 



0 

+ 
+ 



(b) 



(1) 

(a) 
(3) 

i^) 
(5) 
(6) 
(1) 
(2) 

(3) 

BA = 

(x ^ 

2 

X 

(x + 

(x = 

Yes 
Yes 

2 2 , 
X + y + 

(a) \es 

(b) Yes 

(c) Yea 

(d) No 

(13,0,0) , 
(^,3,12) , 



(a) 
(b) 

(c) 

(d) 

(a) 
(b) 



(d) 0' (g) + 

(^) 0 . ■ (h) 0 
(f) 0 (1) 0 

l/(x ^ 0)2 + (y . 0)2 =42772 

2 2 
X- + y- = 25 

(5,0) , (=5,0) , (0,5) , (0,^5) . 
also many others. 



BP = i/(-3 - 0)2 + (.2 ~ 0)2 = /rrr = 



2 2, 

+ = 13 

2 P 

x- + y" = 61 



y2 + z2 = 16 



RP =y(3.~ 0) - + (5 - 0)^ =^ 
Since Rp> 4 , R Is In the exterior 



of the circle, 

2 2 
y- + z- = 4 



^)2 + (2 - 3)2 = 9 or * 

8x ^ z- 6z + 16 ^ 0 '^'^ 

2)- + (y - 0)." - 4 or + kx k ^ 0 

h)- + (y ^ k)2 . 

(c) Yes 

(d) No 

.2-9 . 

(e) Yes 

(f) Yes 

(g) No 

(0,0,13) , (0,0,-13) , (3,4,12) , 
(-4, =3, -12) , ... 
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10. 



11 



12, 



13, 



14, 



15. 



Consider an xy-coordinate system and C » the set of 
points belonging to the circle,. 

(a) C = ((x,y); 



(b) 
(c) 

(a) 
(b) 

(e) 

(a) 
(b) 
"(o) 



(a) 
(b) 
(c) 
(d) 



2 9 

X- + y- - 9] 
C = ((x,y): ^ + y2 = 1] = ((x,y): ^ j^y2 ^ 

C = t(x,y)i ^ y2 ^ 

X > 0 and y > 0 

The portion in Quadrants I and IV and the point 
where the circle crosses the positive x-axls. 
X < 0 and y < 0 



or 



y - 0 

No* There is no real number 

o 

l6 -f y~ = 9 is true . 

2^4 or z ^ 
y - 0 

X ^ 5 or X ^ ^5 

No. 5'or all real values of 



y such that 



3^ + 5^ + > 25 so all points with 
coordinates (3,3* z) are in the exterior 
of the circle. 

Let c be the length of any chord not a diameter, 
toaw radii to its endpolnts. Then 2r* > c , 
because the sum of the lengths of two sides of a 
triangle Is greater than the length of the third 
side. But 2r is the length of the diameter. Hence 
the diameter Is longer than any other chord. 



Statements 



Reasons 











1. 


XI and CD contain 


1, 


Definition of diameter 




center P * 






2, 


PC ^ on = IF - ra 


2, 


These segments are 








radii and all radii of 








the same circle are 








congruent . 


3. ' 


/A PC S ^DPB 


3, 


Vertical , angles are 






congruent , 


4, 


AAPC = ^DPB 


4. 


S*A.S, PoBtulate 


%^ 




5. 


Def Inition^of con- 








gruences foi* triangles 



7#1U. 



The diameters of a circle are congruent and contain 
the center. It followE that they bisect each mother. 
A quadrilateral Is a rectangle if the diagonals 
bisect each other and are congruent. 

By hypothesis, PA_ and fB 
are radii of circle P and 
PC is the midray of /APB 
and Intersects AB at D , 

We want to prove that PD 
lies in the perpendicular 
bisector of AB. 



Statements Reasons 

Radii of the same circle 
are congruent* 
E^flnltion of IsosceleB 
triangle 

Definition of bisector 

In an isosceles triangle 
the bisector of the vert 
angle Is perpendicular t 
the opposite side and 
bisects it . 

/(^ - a)^. + (y ^ 3)^^ + (z + if ^ OQ 
0^ l3 a .radius of the sphere, 

(x - + (y . 3f + (z + if - (5)- 

or 

x" ^ 4x + 4 + y^ = 6y + 9 + + 2z + 1 ^ 25 
f^"' or 

X + y" + z - 4x - 6y + 2z ^ 11 

are equations pf the required sphere. 




1. PA = ra 1, 

2. A BPA is isosceles 2, 

3. ^APD S /BfD ■ 3, 

4 . PD*X AB arid PD*^ 4 , 
bisects AB so 

PD*" lies in the 
/ perpendicular bi- 
sector of AB . 
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Problem Set 

If a 3 , then y ^ + 4 and the Intersection of C 
and M is [(5,4) , (3,-4)] , 

If a = 4, then y ^ 0 and the Intersection Is C(4^o)) 

If a ^ 5 J the Interseotlon is the empty set since 
there la no real value of y for which 25 + y = l6 

(a) 2 (b) 1 (c) 0 . 

A circle and a line in the plane of the circle may 
have 2 points in coiranonj 1 point in common, or 
no points in conmion. 

Problem Set 12"2b 



Problem 22 is exploratory and leads toward Theorem 
12^6," 

(a) On (e) On 

(b) Exterior (f) Exterior 

(c) Exterior (g) Interior 

(d) Interior 

(a) r - 

(b) I^e points whose coordinates are most easily 
determined are those symmetrical to (3,5) with 

^ respect to either axis or the origin* These 
have coordinates (3,-5) * (^3,5) j (^3,-5) * 
The points of intersection of the circle and 
the axes have coordinates (o, V^3T) , (0, - i/W), 

i^m,o) , (- ^.0) . 

(c) .Obvious ones are those along the axes and such 

that their distances from the origin Is^less 
than y^jT . 

Q Q 

Any (x,y) such that x + y- < ^/JT , 

(d) Any (x,y) such that x + y^ > ^/3^ . 



(a) 12-4-2 (e) 12-5 

(b) 12-4-1, " (f) _i2-4-yT^ ^ 
^(c) ' 12-4-4 (g) 'i2-4=2 

(d) 12-4-3 (h) 12-5 
8 unit 5 
2,5 units 

8 V? ^ 

Lat X ^ ^PQ * 

Then, since M 1 AB , 4x- ^ + 36 and x ^ 2 . 

(a) D ^ ' (f) A 

(b) C \ (g) ^ 

(c) C I (h) D 

(d) A (i) c 

(e) C (J) D 
18 

Since a tangent to a circle is perpendicular to the 
radius J and thus to the diameter^ dravm to the point 
of contact, the two tangents 
the same line and are^ therefore^ parallel* 

(a) If a diameter Is perpendicular to a nor^diameter 
chords It bisects the chord* 

If diameter AB Is perpendleular to chord 55 
^ and If 0 is the center of the circle^ then 
AOCE S ^ODE by the HTpotenuse-Leg Thaoram. 
Then CE - ED , 

(b) If a diameter bisects a non-diameter chord, it 
Is perpendicular to the chord. 

If in a circle with center 0 diameter AB 
bisects chord CD (not a diameter) at E , 
then ^OCE 3 ^ODE by S,S.S. and /CEO and 
£OED are a linear pair and congruent, 
ThLerefore TO J_ TO . 
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Consider W where 0 Is the cofranon center. 
Then OR ^ II since AB Is tangent to the smaller 
oircle. It follows by applying Corollary 12-4-2 to 
' the larger circle^ since ^ff' is a line eontaining 
the Qenter and perpendicular to chord ffi ^ that 
bisects AB . 

Examples of 3 circles each tangent to the other two, 





Let ^ be the common tangent. Then in both caseB, 
PT 1 ^ and W 1 ^ because every line tangent to 
a circle is perpendicular to the radius drawn to the 
point of contact. Since there exists only one 
perpendicular to a line at any given point on the 
line, then FT and W are the same line; and, 
therefore, P , Q , and T are colllnear. Of 
course, the circJes are coplanar, since they are 
tangent circles. 



?05 



15. 



16. 




17. (a) 



AC ^ l4 ^ X + 10 - X ^ l8 
2k ^ 2k ^ 18 

X - 3 

BR - 3 , CP - 7 , 
AQ ^ 11 

A, B, C are coplanar 
and hence, by the 
Batweenness-Di stance 
Theorem^ 

AP + PC ^ AC 
AQ + ftB ^ AB 

CR + RB ^ CB 

The sepnent ^ Joining the midpo'lnt of ea*bh chord to the 
center of the given circle is perpendicular to the 
chord and thus the length of this segment is the 
dletance from the midpoint of the chord to the center. 
Since the chorda are congruent ^ all these distances 
are equal, ^ definition of a circle, all these 
midpoints at the constant distance from the center 
of the given circle lie on the circle having that 
point as center and having a radius equal to that 
constant distance. This circle is, then, concentric 
with the original cd^rcle. Since the midpoints will 
be the outer endpoints of the radii of the new circle 
and since the chords are perpendicular to the radii 
at these 'midpoints, the chords are tangent to the new 
circle,* 

2 



(fT)^ - (AP) 

^ 400 = 144 ^ 256 
AT ^ 16 



Area of ^APT ^ 96 j 
Since *PT* is the 
perpendlGular 
bisector of TO , 

1 • 20 ^ (|aB) - 96 

AB - 19,2 




PT - 20 



statements 



Reasons 



3. 



10, 



11. 



13. 



(a) 



DO I I A C 

CD Is tangent at C 
lA S ^BOD 

OC ^ OA * OB 
S ^ACO 



5. ^ACO i /pOD 




AOCD ^ AOBD 

^OGD i /pm 

m .^iCD ^ 90 
m /OBD - 90 

OB ^ m at B 

DB is tangent to 
circle C at B 



1* Hypothesis 

2. Corresponding angles 
of parallel lines 

3. ^flnltlon of circle 

4. Base angles of an 
Isosceles triangle 
are congruent, 

5* Alternate* interior 
angles of parallel 
lines 

6, Transitive property 

of congruence 
7* Reflexive property 

of congruence 

8. S*A.S, Postulate 

9, Definition of 
congruence 

lOf A tangent is perpen- 
dicular to a radius 
^at Its outer end* 

11, Congruent angles 
have the same 
measure , 

12, Definition of 
perpendicular lines 

13, Any line In the same 
plane perpendicular 
to a radius at its 
outer end is tangent 
to the circle. 



a - 10 or =10 

m ^ 1 J therefore m, 

CT - 



y ^ ^ -1 or y 

or y ^ -X + 10 i/? 
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20. (a) Yes 

(b) Yes. Center la at (1,-2) , radius ^ 5 . , 

(c) The following equations are equivalent. 

(x - 1)2 + (y + 9)2 - 25 ' 

(x- ^ 2x -f- 1) + (y^ + 4y + i^) ^ 25 

2 2 
X - 2x -f- y + 4y ^20 

2 2 

X" + y ^ 2x -H 4y ^ 20 

The last equation can be transformed Into the 
first by completing squares, 

(d) Slope of radius to (5,1) is 1^ , Therefore^ 
slope of tangent at (5,1) is . 

Equation of tangent i ^ ^ ^ ^ ^ or 
4x + 3y ^ 23 . 
21. (a) {(x,y)i X - ^1) 

(to) C(x,y): Y ^ - ^ or [(x,y): x -I- y + ^ 0] 
(c) P - (- 4/1,0) 



(d) WT - ^ ^ 



1 \ 2 



7^ J \ ^ 

22, N is parallel to the xy-plane and perpendicular to 
the z-axis, SON means the intersection of S 
and N , 

(a) SAN - t(x,y,z): x^ + y^ _^ ^ 25 , z - 4] 
- t(x,y,z): x^ + y2 = 9 ^ z - 4] 



Thus, S n N is a Gircle in the plane jN ^'wlth 
its center on 
of its radius. 



its center on the z-axis with 3 as th4^ length 



(b) SON- C(x,y,z): + y^ ^ q , z - 5) which 
is a single point (0,0^5) . 
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(o) 



id) 



SON- i{x,y,z)i + y2 + 



49 ^ 
-24 



z - 7) 



^ [ (x^y,z): + y^ 
which is the empty set. 

It appears that a sphere and a plane have no 
point In common, one point In common, or a 
circle in coimnon, if the distance from the 
center of the sphere to the plane is less than, 
equal to, or greater than the radius of the 
sphere , respectively. 



Problem Set 12^3 




OQ and oF are parpen^ 
dlcular to the planes of the 
circle^.. Since OQ bisects 
every chord of the circle 
that passes through Q , It 
must be the center. 
Similarly K is the center 
of its Glrcli, Therefore, 
W J_ ^ and OP 1 PB , ^ 
OA ^ OB by definition of a 
sphere and 0Q=^ OP by 
hypothesis. Th^n, by the. 
Pythagorean Theorem (or Hyp-Leg), QA ^ PB . There- 
fore, circle Q ^ circle p by definition of 




congruent circies , 



70Q p-^ 



One statement I If a plane Is tangent to a sphere, 
then It Is perpendicular to a radius at its outer end. 
Proof I From Case 2 of Theorem 12-6, if a plane is 
tangent to a sphere (which is the hypothesis in our 
statement)^ then the foot of the perpendicular from 
the center of the circle to the plane lies in the 
sphere. This means that this perpendicular is a 
radius with the foot as its outer end, which is the 
conclusion of our statement. 

Converse statement i If a plane is perpendicular to 
a radius of a sphere at its outer end, then it is 
tangent to the sphere. 

Proof I From Case 2 of Theorem lS-6, if the foot of 
the perpendicular from the center of a sphere to a 
plane is on the sphere, then the plane is tangent to 
the sphere. The hypothesis tells us that the foot 
of the perpendicular is the outer end of the radius, 
which, by definition of outer end, la on the sphere. 
The conclusion of our statement follows from 
Theorem 12^6. 

Let 0 be the center of sphere S and and 
be two planes each containing 0 > Let and 
be the great circles of S determined by and 
Pg respectively. Then the Intersection of P^ and 
Pg is a line which contains 0 . This line has two 
points, say A and B , in common with S , Bat all 
'points common to P^ and S lie in and all 

points coTmnon to P^ and S lie in Cg so all 
points common to *AB ^ (which is the Intersection of 

and P^) and S must lie in both and 
and hence in their Intersection, A and B are these 
points and, since TO is the diameter of S , two 
great circles Intersect at the endpoints of a 
diameter of the sphere , 

(a) Center is (0,0,0) ; radius - 3 . 

(b) {(±,y,2)i y - 3) or ((x,y,2)^ y ^ -3} j 
two planes, 

(c) [(x,y,2)i X ^ 3] and [(x,y,z) ; x = -3) . 
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(a) The empty set in each case. 

(b) All points in the interior of a cube the jraces 
of which are tangent to the sphere S and 
perpendicular to the axes* 

(c) The intersection of S and T is all of S 
except the points (4,0,0) , (-4,0,0) , (0,4,o) , 
(0,-4,0) , (0,0,4) , (0,0,-4) . 

The plane of the pCrpendlcular great circle is the 
plane perpendicular to the line of intersection of 
the planes of the given two, at the center of the 
sphere. There is only one such pl^e, (llirough a 
given point there passes one and only one plane 
perpendicular to a given line,) 

Any two meridians have the equator as their comn\pn 
peipendicular . 

AP ^ BF since they are radii of the circle of inter- 
section, OF ^ AF by hypothesis. Also OP AF , 
OP W and AP HP , Hence, ^APB S ^AFO ^ ABFO 
by S.A.S, and AkOB Is equilateral. Therefore 
AO ^ 5 i m ^AOB ^ .60 , and OG , the altitude of 
AAOB , equals . 

Call the three points A, B, C , To find the center 
of the circle In the plane of ABC consider the 
perp'fendicular bisectors in the plane of ABC of any 
two of the three segments iS , 'W and 'W , The 
bisectors Intersect at a po^ip Aquldlstant from A, 
B, C Which is the center ftf of a cirole through 
those three points. Each of the sepnents , ^ , 
ftO , is a radius of the circle. If a perpendicular 
be drawn to the plane of ABC kt Q , it will meet 
the shpere in two points, X and Y , The midpoint 
P of ^ Is the center of the sphere and each of 
the se^nents, PA , PB , PC ^ Is a radius of the. 
sphere * ^ ■ 
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^ O^eoram 12-6 we Imowithat plane F Intersecti S 
in a circle. The Intereiection of the planes E and 
P ^Is a line. Since both Intersections contain T , 
the circle and the line dnterseot at T . if they 
are not tangent at T , / then they would intersect in 
some other point, R ^ Jalso. Point R would then lie 
in plane E and in spHere 3 , This is impossible^ 
since E and S are tangent at T . Hence, the 
circle and the line are tangent^ by definition of a 
tangent to a .circle. 

(a) C(x,y,z): + y"^ ^ 0 ^ z ^ 10) or (0,0, lO) . 

(b) sn P - C(x,y,g)i + y2 - 36 , z - 8) , 

That is, X and y must satisfy the equation 
X + y- = 36 which, In the plane P , is the 
equation of & circle*^ Note, however, that 
C(x,y,s): X + y- ^ 36] is not a circle, but 
a right circular cylinder, 

(a.) X" - 4x + 4 + y^ + 6y 9 ^ S3 + 4 + 9 
(x^ 2)^ (y + Zf - 36 
Center is (2,-^3) , radius Is 6 , 

(b) S - ((x,y,z)^ (x ^ 2)2 + (y + 3)2 + (z ^ O)^ ^ 3Q 

- C(x.y,^): x^ + y- + ^ 4x + 6y ^ 23) , 

(c) [(x,y,z): z ^ 10) , {(x,y,z)^ z - -10) 

Problem Set lg-4a 
(a) (1) /APD , /CFB , ^CPD , ^BPD , ^CPA 

(2) 180 

(3) AD , AC , Si , iB , cm 

i}^ DAC , DaI , ACD , Om , BM 
3) AD S 51 

(6) Semicircles ACB and ADB are not 
associated with central angles* 



(b). (1) 11 



/MAB , 


Inscribed 


In 


MB , 


Intercepts 


MB 


/HAD , 




II 


mB , 


If 


m 


/MAC , 




II 




II 


MC, 


/CAB , 


11 


II 


C^ , 


II 




/CAD , 


M 


11 


CAD , 


II 


6B 


/DAB ,^ 


11 


II 


daI , 


H 




/ABC , 


11 


M 


AK , 


II 


AC 


/ADC , 


11 


II 


AM , 


II 


AC 


/bca , 


n 


n 


mA , 


M 


Ia 


/DCB > 


If 


n 


KB , 


n 


m 


/DCA ^ 


li 


II 


DW ^ 


n 


5a 



The degree measure of 



1,(3) /AM and /ADC 

each is 90 since they are inscribed In 
a semicircle. 



/ ■ 


(c) (1) 


/A InterGepts 










/B 










/C 


BA 








/D . " 


BA 






(a) 


m /A = 20 










m /B a 20 










m /C = 47| "'- ^^ 










m /D = J'?!' 








(3) 


/A S /B , IC S 


ZD 





Angles having equal meaeuras are congruent, 
Angles Inscribed in the same arc are 
congruent , 
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Two 

.Chords 



(Two secants) 



3. The center of an arc Is the Intefeectlon of the 
pe^endlcular bisectors of two or more chords of 

the ai*c (Cor. 12-4-3), 

/ 1 ' 



f ' 714 ■ \ ^ 



Slnoa the Insorlbed ar^le Is measured by half thm are 
which it interoepti, ® must meaiure 90^ V Thm 
mtasure of a eentral angle is the measure of its 
interoepted aro^ so m ^ 90 and W _L IF ♦ 

(a) m Ik m m ^ by Corol^y 12-7-2, 

m £AHK s m ^BOT " sinct the Intaroapted ares have 
equal maasura. Th^^'ovm AAHK ^ ^BHF by a 
triangle similarity fcfieorem (A, A*.). 

sinee 

m /mk ^^m^^^mBF^m /ms 
and ^HBIF Is conwnon to the trlanglas. 



(b) 


ABFTC 


m ST 


- 80 






m m 


^ 150 


m 


- 95 


m ^ 


m 60 


m /S 


- 120 



If quadrilateral ABGD is ineeribed In clrole - 0 
then by Theorem 12-7 

m ^ m and 

m Ik m ^ m Kb , 

Since the union of a major* 
arc and its minor arc (or 
of two semicircles) has, a 
degree measure of 360 , 

m BAD + m TCB ^ 360 * 

^ m BAD + ^ m MB ^ l8o by the multiplication 

property of equality. Hence, /BAD and ^DCB 
are aupplementary . * 




8. 



9. 



10, 



11. 



Coriilder W . We toiow M is a dlajnatap of tha 
smallar olrale and therefore that m /ARO = 90 by 
GorollaiT 12-7-1* Then II is blBeeted by the 
imalltr olrole at point R by Corollary 12-4-3. 
The olroles are eoplanar slnot they are talent. 

^ACB la a rl^t trimgle with the .right angle at C 
by Corolla^ 12-7-1, In a right triangle the 
altitude from tha rl^t angle to the hypotenuse 
divldta the trlauigle Into two triangles, AAGD and 
ACBD , which are similar both to eaeh other and to 
the original triangle, TherMore 



AD 



CD 
DB 



^ ™ or ,CD~ - AD 



DB 



' Theorem 12-7* m ^^a'^ ^ m mc . Slnee m /A = 90 , 

m EDO ^ iBo and BDG is a semlelrele, by definition 

w _ ^ 
of a Bemiolrole. 




In the elrole AC biseots 
^DAB BO, by definition of 
angle biseotorj 
m ^BAC ^ m ^DAC 



m 



^pAG ^ ^ m S 



. But 

and 




12. 



Consider radii 
^ X , then 



' ' m ^DAC ^ "I 

Therefore m 3D = m DC by 
the multlplieation wid sub- 
atltution ^^opsrtiea of ^ 
equality, 

Pff* and "fS . Slnee diMieter 
AM ^-m by Corollary 12-4-2. 
AAPM S iS^BPM* by S.S.S* (or S.A.S* or HTOotenuse-Leg) , 
ao that m ^APG ^ m ^BPC . Thfenj m /Am m m ^BPD 
since they are supplementB of congruent angles, 
G^erefore^ m AC ^ tn S and m AD ^ m ® , by the 
definition of mtaaure of an arc and the TObfitltutlon 
property of equality. Hence biaecta ACB and 

^® . . ^ 



O '"-f 
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by the multlplleation and . 
substitution properties of equality. Thum^ AATB 
%B isosceles and ^DE*^, " which bisects base TO , Is 
also perpendicular to TS . ^t^ sinee C Is equi- 
distant from A and It^is in the perpendlaular ' 
biseotor of AB and henee in , DE . ^ 

14. % definition, ^BAC Is isosceles since AB ^ Ic ; 
therefore J , 

m ^B - ^ m AG u id 

m /C ^ ^ m AB by O^eorem 12^7, 

Hence, m AC ^ m AB by the substitution and 
multiplioation properties of equality. 



15. 




BKo) 

except A or B* Then the slope of PA ^ 



Let an xy=ooordlnate system 
assign (O^O) to the center 
of the circle. Then, If r 
Is the* radius, the extremi- 
ties of a dimeter would be 
(r,0) and (=r,0) , r > 0 * 

^ Call these points A and B 

^^"^'^^ respectively , Let P(x,y) - 
be any point of the circle 

and the 



slope of PB = — L_ 
g ^ — ^ , But for all points p 



X - r 

The product of these slopes Is 



2,^2 2 
X + ^ = r or 



X - r 

2 2 2 
y ^ r - X 



Thus 



a a 

X - r 



2 2 

r - X 

T S 

X - r 



It followsHhat PB X W and ^BPA Is a right angle. 
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16, m + m ^ TO + y m YCB ^ |(m Ym + m YOB) 

^ 180 , ' ^ 

mmrmtorm £c is the supplement of . ^CY , mt 
/fiX^ Is the suppleMnt of ^KY and, slnoe 
supplaments of the s^e angle are congruent, 
/AX3f . In the mwnep used above, may be 

I i^wn to be the jupplemtnt of an^ thprefora 

^he supplement W , Since £o and are 
oonseoutlve Interior angles of *AD* and with 
transversal *DG^, it ^follows, that TfD 1 1 B5" . 

17* (a) Sinot £kOB is a right angle by Corollary 12-7-1 
and ^Dm is a right angle by definition of 
perpendioular lines, £0 ^IB , Also, by the 
reflexive property of eongmienee, ^ ^ , 
ThuB ABGA**AllD is a similarity by A, A, 

(b) (BC,aA,AB) J (BE,mD,DB) 

(c) Since (BC,BA) p (SE,BD), by the product 

property of proportion BD * BC ^ BA ' BE , 

18* Since W and m a^e tangent at the endpoints of 
a diMieter, Ic 1 1 TO , Also W and W are 
. segments of chords of the larger circle ^whlch are 
congruent by ^torem 12-5, ^^Coroll^py 12-4-2 
the radii CI ^d OT Usect these chords, so that 
W i W ^ TOierefore q^idrl lateral ADBG Is a^ 
parallelogram by the t*heoram which says that, if two ^ 
sides of a, quadrilateral are congruent and parallel, 
the quadrilateral is a parallelogrmi, Ttk diagonals 
of a parallelogram bisect each other, so TO and 

bisect each other at some point, P , Point 0 
is the midpoint of . TO , so P - 0 , and C, 0, D 
are col linear, making cB a diameter. 
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1 



Ppsblsm Set 12-4b 



2. 



3. 



ProblemB 12, 13 and l4 help prepai*e for TheoremB 
15 and l6 



(a) 



(b) 

(a) 
(b) 
(c) 
(d) 
(e) 



(1) 
(2) 
(3) 
i^) 
(5) 

(i) 

(2) 
(3) 

35 

55 

22= 
^^2 



Insbi'lbed angle 
tmgent-shopd angle 
Becant-secant angle 
tangent -Beoant angle 
tangent -tangent angle 

(iff 34 
(5) 60 




75 
110 
30 




(6) 
(f) 
(g) 
(h) 
(1) 
(J) 



42 

90 

35 
125 
50 




In the eongrueht clr.oleB P and P'^j we are given 
that m S = m A'B' . It follows that their 
respeotlve central angles P and P' are of equal 
measure. Thus AAPB = AA'P'B' by S.A.S, and' 
11 = WW by definition Of congruence. 



230 
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*. (a) m FBA = m BAH by ^eorem 12-8. 

m S + m S = m FBA and m ffl + m M - m^'MH ' 
by Pogtulate 30. Then m TO = m ffl by thm 
addition proptrty and tha substltutlgn property 
^ of aquallty. Hence B & AH * 

(b) From (a) we oonolude that 
PB ^ AH by TOieDrem 12-9. 

Iwm and ^AFB * ^AHB by TOieorem 12-^7. 

Then 431^ S AAOT by A.S.A, 

5. ABOD Is a square and ^ 

S ra ^ ro and therefore 
M S AB a TC , Theorem 12-8. 

Then m ^DEA m m £aeB ^ m £mc airiei'^ey are 
Inscribed Mglea and are eaual to one-half the 
meatfures of the congruent arcs which they intercept, 
^DIC has then been trisected , 

6. (a) ^BAC (f)^ ^ADC 

(e) ^DCB (J) /DBC ♦ 

7- Since m fl 120 , m /BPC m 60 by mieorem 12-10. 
M iW , m - 30 . Z^AFQ is a 30°-6o^ 

rl^t '^^iifegle . Since PQ ^ 6 ^ then AP ^ 4 . 

8, Consider the common tangent at H . Then an angle 
formed by the tangent at H and line u is 
measured by the same arc as an angle fomed by 
line u and the tangent M or N , it fioilows 
that the tangents at M and N are parallel * by 
corresponding angles in one case and alternate 
interior angles^ in the other ease* 



2'' 



X 
720 



ERIC 



9. OonBldep ?1 . m^prmm 12-7, m ^PR = i m S . 
% Theopera 12-10, m ^PT ^ | m B . But 

" ^j^Jit ^ ' ^° " " "> . W _L*PT* and 

^ by the definition of dlBtanee from a point 

to a line. PB ^ PB bo Afm ^ APBP by A.S.A. ' 
(or A.A.S.). Therefore,, by deflnlW.on of congruence, 

Bl = BP . I ' 

10. Case II Consider the diameter from p . since the 
• diameter la pei^endleular to the tangent. 

It IB perpendicular to mierefore It 

bisects JS and Xi and m A? ^ m p . 

Case II ! Consider the diameter perpendicular to the 
seeantB, This diameter will bisect Cfb 
and JpB , nius m AP ^ m SI • and 
m CP - m OT . Then by^betweenness for ares 
and the properties of equality m 0 ^ m S 

Case III: ThB diameter from p will have Q as Its 
other endpolnt, Then the two arcs are 
semlolrcles and have equal measures, b^ 
definition of the degree measure of a 
Bemlcircle, 

Alternate proofs Involve radii to form congruent 
triangles, or chords which are transversals and 
using alternate interior angles. 

•11. (a) (A.B) = ((x,y)i x2 + y2 « 25 , y - 33 

= t{x,y)! = 16 , y - 3] , [(4,3), (-4,3)). 
(b) (CD) = ((x,y): + y2 » 25 X * 0) 

« [(0 ,5), (0,-5)} ■ - 
(°) «A • m^^iO-kf + (3-3)2. ^0+4)2 + {3_3)2 

- h ' k ^ 16 , . 

f ftC . QD =l4o-0)2 + (3-5)2. l/(0-0)2 + (3+5)^ 
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*12. 



1 

*13, 



5^ 



(a) (A.B) - ((x,y)i + - 25 , y - 3) 

- ((It, 3), (-4,3)). . 

(b) (CD} - + y2 ^ 25 , y ^ X - 5) 

- iiLy)t x^ + (x - 5)- = 25 , y = X - 5) 



= l(x>^)i 2x^ - lOx + 25 = 25 , y = X - 5) . 

)! x(2x - 10) = 0 , y a X - 5) 
- ((0,-5), (5,0)] . 



(c) PA 



PC 



PB =^8-4)2 + (3-3)2 ^ ^(8+^5)2 + (3.3)2 

- 4 . 12 « 48 . 
PD -l/(8-0)2 + (3+5)2. l/(8-5)^ + (3-0)2 



= ylli" • i/li" = v^l6 • 8 • 9 • 2 » 48' . 

(a) AADB ^CDA becauie £b = ^CAD and /D Sf £d . 

(b) Corresponding Bides of similar triangles are 
proportional, ^ 

(c) AD = 6k BD = k(6k) = fik^ 

(d) AD • AD = (6k) (6k) = 6 ■ ek^ 
H) • CD = (6k2)(6) = 6 • 6k2 

Therefore (AD) ^ BD • CD p 

Relation is t^e for k > 0 and CD > 0, If 

0, then A ^ D ^ C and (AD)^ ^ BD-CD Is 
true. If k < Q, then it la impossible to have 
AD = k*aD. . 



(a) 2 , le 



Problem Set 12-5 



s, bisector, angle 



(b) in(on)| in or on, 

A le between R and S 





(c) 12 , 12 



EKLC 



( aT ( 1 ) tangent - segn^nt b 

(2) 10 , nieorera 12-13 1 'Rim two tangant- 

■ * 

sagn^nts to a circle from an exteamal point 
are congruant. 

(3) 45 J The last part %f Thaoram 12-13 ^ays 
that tha two tangent-sa^ents from an 
extamal point foMi oongniant .angles with 
the Una Joining the extamal point to the 

f eantar of the cirela* ' 

(to) (1) m 

(2) m V 

(4) RG + CD ^ RD by the ^tweennase-Dist^ee 
I^eorem, 

(5) Yes, slnoa 12^ - 8(10 + 8) , 

(6) Yes, sinoe 12® - 6(l8 + 6) , 

Other pairs of faatore of 144 are the 
aasleat to consider, RG ' RD could be 
9 ' 16 , 4 * 36 , 3 . 48 , etc., as far as 
the produets are oonoerned. However^ sinca 
GD Is less than or equal to the diameter 
of the circle, reitrlctlons imist be made 
, with reference to any given circle. 

(o) (1) a(a + b) s X * (x + y) 

l^eorem 12»l4i The product of the length 
* of a secant-segment from a given point and 
the length of Its external seprient is 
constant for any secant containing the 
external point, 

(2) Yes, since 3(3 + 1?) = 4(4 + 11) ^ 

(a) When it contains the center of the al#cle, 

(b) When the secant contains the center of the 
circle, 

(c) decrease, Increase, tangent -segment^ the 
tangent -secant * 

(d) QA^" . ftA" 



statements 



Reasons 



1. 


'^O*',^!^ and 


1. 


I^PQ thesis 




are tm^ants at 








B ^ D and F 








respeatlvely. 






2. 


CB ^ CD 


2. 


Thmormm 12^13 




BP ^ ID 






3. 


CB + CD + m 


3. 


AdditiQn property * 








of equality 




CD + M ^ GE 


4. 


'Betwaemiess^Ustanoe 








TOieoreto 


5. 


CB + IF - CE 


5. 


TOia substttutian 








proparty of equality 



(a) 20x m 6 . 22 

X m 6.6 
DA m 6,6 

(b) a AR . AM 

/ m 16 .4 
X ^ 8 
AT s 8 



(c) PB • PA = PD 
16 . 7 ^ X . 
X = 14 
PD = 14 



PC 



8 




Then by Theordm 12-15, 



36 

0 

0 

4 

4 



^ s-J ij 
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J 



yam 12-16, we have 

x(19 ^ x) ^ 6 
- 19x + 48 ^ 0 

(x ^ 3)(x ^16) m 0 
X ^ 3 

w ^ 19 - X ^ 16 



8 



Let r be the radius , Than, by 
Theoi^em *1 2 - 1 5 j 

(r + 8)(r ^ 8) * 6 * 6 

r" - 64 ^ 36 , r ^ 10 



Let the radius ©f the eirole ba r 
Theorem 12-15, 

,2 




Then by 



Henee 



4'f2r + 4) ^ 12' 
r ^ 16 



Since all angle i ©f the triangle have meaiure 60 
the minor arc has measure 120 * This leaves 24o 
for the measure of the major arc, 

(a) Four; two Interaal, two external 

(b) One Internal, two external 

(c) Two external only 

(d) One exterMl only 

(e) Hone 

Since tangents to a oirole from an external point 
are congruent. 




^ the aSdllilon property of equality and the asfoci 
ative property of numbers, 

/(SN + NR) + (CL + DL) ^ (SP + CP) + (Wl + DM) , 



ftr- tha Batw#©rmsss-Dlstanae Theorein, 
SN + im ^ SR , CL + m ^ CD , SP + CP ^ SO , 
/m 4- m ^ KD / It follows from the* subajltutlon 
property of m^^mllty that + CD ^ SO + RD . 



gtatamenta Raasons 



1. 


"^3^ and are 


1. 


Hypothesis 




—tangent at A and 






C , reapectlvely. 




i 


2. 


^AOB and ^COB are 


2. 


. Corollary 12-4-1 




right trlimgleB. 






3. 


m ^ABO = m ^OBO = 6o 


3. 


m £ABC ^ 120 , and 








Wiaortm 12-13 


4. 


AB - § OB 


4. 


30-60 right triangle 




CB - ^ OB ^ 




thaorem 


5. 


AB + CB 3 OB 


5. 


Addition property 








of equality 



toaw W iW^. In ^PQR , HQ m i/(pQ)8 = (pr)^ ^ 
Hanoe RQ ^ 48 , But AB ^ HQ ^ ilnae R^BA Is a 
raetansle. ThmrmtOTB, AB'= 48 * 

As in the previous problem, draw a perpandloular from 
the oenter of the snmller eirele to a radius of the 
larger circlet 3y the Pythagorean Theorem^ the 
distance between the centers is 39 Inohea, 

(a) and PA'^ are both the midray for ^CPB ^ by 
Tlieorein 12-13, Since eac^h angle has one and 
only one midray, PA*^^ PA«* , 

(b) m B»C« . One posslbae 'solution follows. " 
aS arid A'C» are, by Corollary 12-4-1, both 
jprpendieular to "^C* and W and A«B« are 
both perpendioular to ^B* . Consider quadri- 
laterals ACPB and A«C»PB» , The Bum of the 
measures of the interior angles in each equals 
360, iTi £ACP ^ m /A«C*P ^ m ^ABP ^ m £A«B'P ^ 90. 



applying the adai^ion property and lubstltutlon 
property of eqi^illty, n ^CAB + m ^ l8o and 
m ^C'A'B' + m = 180 . Hien ra ^CAB = m ^C»A»B» 
alnee thes^ jn|^ are •upplements jf the s^e 
'angle. But «^ - m^^CAB and m C»B« - m ^C«A«b'« 
by def Inltlori of degree^measure of. a minor are . , 
TOierefore. m Cti"* - m SB ■130 by the subatltu- 
tlon property of, equality. 

If m la the length of the shortest of the four' ' 
Mpnents, the rest of its chord would have to be the 
longest of the BegmentB. Otherwise the produet of 
the aeenents of this chord would certainly be less ' 
than the produet of the seffnents of the other." Hence, 
if It were possible to have conBecutlve Integ^s for 
the lengths they would be labeled as shovm. But In 
this .ease, by Theorem 12-16, It would be neeeaBary 
that I * 

m(m + 3) ^ (m + l)(m + 2) . > 

+ 3m = + 3m + 2 
or 0 = 2. 

Since this Is Impossible, the lengths of the segmintB' 
cannot be conaecutlve. IntegerB. 

(a) (PJ - {{x,y); y = 5 , X - y - 12) 

= C(17,5)J , P = (17.5) . ' 

(b) tTj = {(x,y), (X - 1)2 + (y + 3)2 ^ ^ 

= ((x,y): (x - 1)2'+ 8^ = 64 , y » 5] 
" ((x,y): (x - 1)2 s 0 , y s's) 
- ((1,5)J J T = (1,5) . ■ * , 



(c) (R,S}*- t(x,y); (x,. l)# + (y + 3)^.-64 , ' " . 
X - y - lal , ■ • 
^ {(x,y); (x - 1)2 + [(x - 12) 4- 3]^ = 6^1, 
' y = X - 12) 

" C(x,y)! x^ - 2x + l'4- X- - I8x + 8l - 64 
y = X - 12) 

^= ( (x;y)i 2x^ - Sftt + l8 ^ 0 , . y, ^ x - 13^ 

- ((x,y)t <x - 9Hx -.1)^- 0 , y - x''- 12) 

- {(9.-3)^(1,^11)] 

(d| FT -vil7 = 1)^ + O -'l6 I f^ ^ 256,: 

'(e) Let R ^ (9, 4) , T ^ eij-ll) ; ^ 

Theji PR - - 9)^ + (5 + 3)- ^ ^1^28 , 

and PS ^ i/{17 - 1)^ + (5 + 11)^ - • 

^ ^ PS - y^28 - yfi¥ ^ i/i6 . 8 * 16 . 16 

' ^ £56 , ^ / • 

(f ) Bieor^ 12-15 asserted the equality here 
verified. ^ \ 

Coneider radii flff ^ , Let TO Intereeet 

15 at P , m m ^ 90 , and m ^APR = m ^BPQ 

by vertiQal amgles^. O^ierefprej ^APR ^ ABPQ by 
A*A. 'mie gives ^ ^ ^ • Now suppose W meets 

at point P" , Thmn^ by a eimilar argument 

we arrive at ^ ^ . Hence || , and P ^ 

and P» are both between R and ft , Therefore, 
P« ^ P , , - . ^ 

A direct method could show that the point of inter- 
seotlon of K and TO ^ along with R , detemlnee 
the perpendicular biseotor of W , it can- then be 
ghown tliat Q lies on this bisector. 
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Imt - d (be the required distance^. Br Kieorem 18-15, 
d2.^(8000 +^) . 



Now slnoa h is v^xr mmll aomparad to 5^80 , 
(^g^) Is axoaedinfly sma^li Md Is i^ot iignlfioant 
So approMmataly, d ^ Vi,515h = 1*23^ , *^ 
Hanoa d Is roi^hly , / ; r 



N 



i 



Problem Set ia-6 ,~-T-c^ . .. 

22 "\ ' ' ' • 

1. ^18 cloaep-. , "t ~--, 

I ,. x^j ■ . , • 

♦ ^ ^ 3 .1429- V- ' 
IT s 3.l4l6 (aceurate to foi^r decimal plaoea) 

3.14 » 3.1400 . 

2. (a) d - 14 , c - iW (d) C = 12to , d - 12a 
(b)' 'd.M , r (e) cl 2trxy3' • 
(e) C - ISir , r = 7.5 ^ * ^xyf 

3. (a) =3 . Cg . (□) = 2 . Cg ^ 
(b) s J . d^ . (d) Cg ^ 2 . 

"f. (a) m BA ^(in degress) = m B«A'' (in degreeB). 
(b) length of m = 2 • length of B^' 

(b) l. 

C ^ 2fR ^ 480,000ir * I^e ciraumference is 
.approximately lj500,000 miles, , 



7* Trie fomula give si ^ 

33 
.6 



2irT ^ 6,28 X 93 • lo® 



Which 4s 584 million miles (approx,)* 
Cnir. speed is ab^t 67^^000 miles per Jiour. 

8. e - 27r.; 628 ^ 6.28r ; r 100 yd* (approx,) 

9* (a) The radlug of the circle ^ - 

(b)^ 0 V, ' ^ ^ 

(c^)' l8o 

(d) .^e cirotanference of the circle 



{ 
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kit. 



10. 



11. 

12. 



13. 
14. 



15. 



3' 


• * igo • 


*30 • 


60 




■ 90 • 




90 


5 

6 


^ 60 


5^ \ 

60 ■ 


168^ 

120 


8 


% 


6^ . 


135 


9- 


ko 


70 


140 


10 


36 


.72 


144 


12 


35 


75 . 


150 


15 


24 


78 


156 


18 


20 


80 


160 


20 


18 


81 


162 


2kf 


15 


l4 . 


165 



2 units I 

Rmdius of the .inSQrlbed elrele is 6 g sb its 
elrg^unfepence ie 12ir , Thm radius of \h# elroum- 
scribed circle is 6 , so its cirouiriftpsnoa is 



The inqrease in oireumferance is 



In tha figure^ side 
of a ragular insonlbad 
oetagon 1 \mit long. 
Since A ADO is a right . 
Isosoeles triangle, 

AD ^ DO ^ r^ . 



BD ^ r - . In right 

triangle ABD ] (AD)^ + (DB)- ^ (AB)^ or 




( -ir-)^ + (r - ^ 1 , from which r = / ^ 

The perimeter of PQRS is greater than the cireum-' 
ference of the clrole. AD »'2 and XW ^ V? , 

Henee, PS ^ ^(2 + ^) . 

The perimeter of the square is 2 j/^) . 

The circwiference of the cirele is Sir • 

But 2 + > 2 , . 



PgelBleiB Set 18-7 



1. (a) 



lb) 



(a) 



(b) 



(a) 
(b) 



c = avp 
c ^ lOr 
c = 3l.lt 

A = TO^ ^ 

(3.14)25^ 
. A 78.5 

C ^ arr 

C = ZOw 
C - 62.8 

A m vr^ 

A - 314 

C ^ 2wr 
C = 2t 

A = TT- . 

A - IT 

,C = aw 
C = 4-r 

A ^ UT^ 

A - 4t 

r - 5 * 
C = IOt 

r = 7 



4. (a) A m Uir 



(b) 



A s lOCW 

r . 6 
w 



A ^ 



A . S£ 



36 

IT 



100 
w 



(d) 



(d) 



0 

c 

A 
A 
A 

G 

C ' 
C 

A 
A 
A 

C 

C 

A 
A 

C - 

G m 

A 

Cr 

G ^ 
Cr 

C = 



732 



15.70 



(3i4)(6.25) 

19.63 

a(3.l4)(i.732) 
10.8 

2 \ 



- 9.r 

= 2TTr 



= TP 

- 49t' 

- 2irr 

' 25 

10 
49 
14 



p ^ ' '' 

5. (a) A ^ TTR - wr . ^ 

A ^ Stt or appTOxl 9*4 , sq, qm. 

' (b) 

6» A - area of fir it. A* - area of aecon^ 

7* The circle is larger. 

31^ - 25 = 6.8 square inches greater,' 

8. R^TT - A ' :■ 

wlbv^f - 5^] ' 

SStt square Inches 
9* 4 ineheSj Bw ^ , kBir square inchee 

10. It is only neeeesar^to find the square of the radius 
of the Dircle^ radius is drawn to a vertex of 
the cross j it is peen to be; the hypotenuse of a right 
triangle of sides 2 and 6 Ihe square of the 
radius is therefore 2 +6 ^ 4o The area of the 
circle is therefore kOir ^ 125.6 approximately. 

The reqiiired area is therefore 125,6 = 8o * ^5.6 . 

11, Consider TB , and W , Tlie 'area of the anhulus is 



2 ' 2 

7r(PC) - ir(PB) ^ the difference of the areas of the 

two circus. This can also be written 

2 2 

t[(PC) = (PB) ] , ^'^thagorean ^^orem^ 

(PC)^ » (PB)^ ^ {m)^ • Therefore, the area of the • 

2 ' ' ' ' 

annulus is 7r(BC)" . ' ' 



f33 



12, Thm section nearer the center of the sphfrt-Trtil "be' 
the largei', , = ' 



,13, 
.14, 



15. 



1 
2 



(AC)2* im f '^ (AB)2 ., . 

f(AC)2 +|(BC)2^f(AB)2 ' • ' 

(r + g) + (h + b) = g + h + t , 

r ,+ s = t -, , . 

(a) Note that^rj^ - OA = OR s BP and rg'a OS ^ CP 

. , By Buceassive use' of the Pythagorean Theorem 
, ' we get = r i/f , r^ = r i/J , - r . 

(b) Now, using the area formula for a oirelej. we hay 

2 



^ irr 




f ^ 



a ^ TTf 



-.(a + ^ 3irv- - 2itT^ ^ ttt^ 



iriar)- ^ (a + b + c) - Uttt^ » 3irr- - irr^ 
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l6. K^ra the seaond figure* 

4^ - 2- » 12, so 

the altitude of the 
trweioid la 2 , 
In the fii*st* figure * 
Blnca the baies are 
parallel mnd tangent 
to the olrolej we see 
that W (altitude of 
' the trapezoid) must he 
a diametari thus the 
K radius Is ^ . The 
/ area of the olrcla iSj . 
then, 3w t Thm area 
of thrf traRpzold Is 
8 jj/j , The area outside 
the circle is ^ (8 ^/J - Sw) 
square Inches, This Is 
approximately 4 square 
irichti. 




1, 

3. 
4. 



Problem Sat 12=8 
The length of^^ CD is greater ^th^ the length of EF 
The arc of one inch on a half dollar. 
Yea, to both queatdons, ' y 

No . ^ m ^ m AB 



5. 
6, 



m CD 



If ^ aI ^ £Qh then 

r * m AB' ^ r m CD; 
If m |1 > m ffi ^ then r < r^ 
5ir * 7 . 5^ $ $ 3w 
9t , ir/lO , 6ir , 5.^*r 



7. ^ 9ir 

8. Sir 

9. 



^-1 

10. 90 



Chord ^ I or^^ .96 em. 
w - 



11. (a) The Interiaotlpn of s and p li 



2 2 

[(x,y,z)i X +,y = 16 , 2 = 3) j a olrele,ln 
plant M with (0,0j3) mm etnter and 

4 '-ag radius. 

(b) The radius, ' r-. , of the elrela of Intfreeetlon 
is 4, The rtedlugj r, of the great elrcle of 3 



ip '5» If Cj^^^and d denote the clroumf erenaea ^ 



these olraleB, theriN 0^ 



^1 



-(0) Area of. oirele of Interseetion ^ ^ times the 
area of the great elrole* 

(d) These area will be ^ of the elreumfereneea 

in each ease so the fire of the circle of inter- 



section is 
of S . 



X4 



of the are of the great circle 




Slnee y ^ x , m 

m AB ^ 45 
r ^ 10 

Area of the sector 



- 45 



1 

^ I 

Area - 12.5ir 



IOOtt 
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13, (a) Area of seatar 

Area of trlMgle 
^. Area of iepnent 

''(b) Area of seator 

Area of triangle 
Area of segDiMt 
{c) Area of sector 



-j/J ^ 36 
m 24ir - 36v^ or IZ.O^ 



6^ m i2ir 



14. 



6 • 3 = 9 
12w - or 82.11 



B2 - Sir 



(a) 
(b) 



Area of triangle 

rea of segnent 
Sir 



^ Bw ' 16 or 2.51 



15* Draw M 1q . Tlien QC ^ 6 ^ AG ^ 34 , ih the 
right ^AGB i the length of ,the hypottnuse Is twice 
the length of one leg* so m ^ABQ ^ 30 j m ^BAQ ^ 60 
CI ^ GB - 24 , The major arc "oS has the 

length ^{2t • 30) ^ 40f and the minor are 1? has 

the length ^(2ir * 6) ^ 4t . ^uSjJ the; total length 

* of ^he belt is 2(24 4^ 40t + 4r ^ 48 + 44Tr * 

belt is approximately 221 inches long, 

16* 'To find one small shaded area* ' 
subtAct the area of a 90^ 
saetor whose radius Is 2 y? 
from the area of a square 
whose side is 2 y^ . 

(2^1)2 - n^/^f . 8 - 2r . 

The area of the given shaded region is 4(8 - 2w) 
This Is approximately 6*87 square Inches. 
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Pr^a^lem Set 12-9 



, The center qf the aireumserlbed c^^le ab@ut a ^vem 
aeuta triangle le tn the interior j atiout a right ^ * 
triangle It 1b the midpoint of the hypoteriufa] about 
an obtuse triangle It ie in the^ exterior, of the 
triangle and in the interio^of the obtuse migla. 

Proof I If ^ is iS'lght angle ^BCA Intiraepts 
a samlQlrole of whloK la a diameter. *; ^ 

^ If is an obtuse angj^ ^BGA intercepts a major 



arc £^d hence is InscrlbacHrn a minor arc. TOian 0 
and 0 , the center, must be on opposite sides of 
SB , 



If Iq is an aeute anglf then It Interoepts a mlnor^ 
arc and henoe is ^scribed in a major arc. Then Q 
and 0 are on the » seune 'side of a dlAmeter, 

Yes, The mldray pf eaeh- angle is in the interior of 
Its angle (except for the verta^i of the angle). 
Therefore, the Interseetlon must be in the interior 
of each angles henoe^ln the interior of the trimgle. 

The median Is a radius of the circle and hence Its 
l«gth li 12 . [f ' 

\ ^ 
Let a coordinate \ system be 

established with vertices 
of rectangle ABCD as 
shown* Let ' 0(x,y) be 
the tenter of a circum- 
scribing circle, Ifien 
x2 + y2 = (x=- a)2 + y2 
= (x - a)2 + (y ^ b)2 
* + (y - b)^ yleldlHg 



(Oib) 



C(Q,b) 



(0,0) 



B(a,o) 



X = 



^ , ^ ^ -J * Thus 

exists and a circle can be 
circi:miscribed about a given 
rectangle , 



0(1.1) 
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Let l(x«,yi) be t^m G«i^g|vpf an Inscribed elrele* 
_Then^ x« ^ ^ a - x« ^ b - yi . yielding a ^ b , 
an^^amandln^ t^t, in OTdarffor an iagoribed circle 
to exist, the reetangle must be #l square , " 

Yes, Thm dla^nals are "blsictors of the anglei, 
Hencej^hlelr Intersection Is equally distant frbm 
thtf sides of the rhombus. No, unless the rhoinbus 
Is also a square. 

By I^ieorem 5^9 aach angle blsJctor also bisects the 
opposite side and Is perpendicular to it, fflierafdre 
the angle bisectors are concurrent In the same pbint 
as the perpendicular biseetors^, 

Lat 0 be the conmon centeri 
E , the midpoint of K * 
Then BO* Is the rhidray of 
/ABE and CO Is the midray 
of £AGE ^ ^BOE S AGOE by ^ 
S*A.S, m £om fe m ^OCE , ^ 
£ABE S £ACE , Th\in , by ex- 
tending the argi^ent, we may 
prove the triangle equlangulaLr 
^d hence equilateral. 

If ABCD is the quadrilateral 
the4^ consider the cirole 
Circi^Bcribir^ AXbG * 

If D is not on the 
^Ir^le, th^ "1 / ^) 
and la not supplementary 

to /B. Hence, If /B and 

are supplementary angles, 
then D is on the circle through 
A, B| G and the quadrilateral has 
a circumscribed circle. 
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Let a (Coordinate system be 
establjfshed' with .origin at 
the mldpoli^t of. a base of 
Isosceles trapezoid'* ABCD 
a3 shown, . . 

Let, P(0.,y) be such 
that PA = PB = PC = PD . 

Then +7",= (-a)""- + y 

= (-b)2 + (y - c)2 

= + (y,- c)^ , yielding 



A (-0,0) 



. C(b,c) 



N 



(0,0) 



8(0,0) 



y = 



b + c 



2c. 



■,(c / 0) . 



b^ + c^ - a^ x 

— ^ ; exists and consequently -a 



Thus -Pto, 

circle caji be circumscribed about a given Isosceles 
trapezoid, 

It' Is not true, however, that every Isosceles 
trapezoid has an l4scrlbed circle. 

As the figure Indicator's, 

• (5x)^ = (2x + 2)^ + (3x + 2) 

25x^ = 4x^ + 8x + 4\ 9x^ + 12x + ,4 

3x^ - 5x - 2 = (3x + l)(x - 2) = 0 

,x = 2 ; 

length of hypotenusQ = 10 . 2x 2 

, (a) Midpoint of XY = (4,0) ; slope of Is Eero, 

Perpendicular bisector of ^ = ( (x,y) : x ^ 4} , 

(b) Midpoint of = ^ slope of 17 is | . 




Perpendicular bisector of TL ^ 
= ((x,y): y - I = - |(x - |)3 

'= {(x,y): 3y + 5x = 17) > 
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r 



(c) (Cl « ((x,y): x.= 4 , y - - ^ + |I) 
C =i (4,-1) = ^ 



or 



(d) Midpoint of Y2 = (^,|) , slope sf W is =1 



-1 



(e) 



(f) 



12. (a 



Perpendloular blaectqr of YZ 
= ((x,y),! y = I = i(x = M)] 



= ((x,j^):,y » X = 5) . 

The Goprdlnates of C(4,-l) Bati.sfy this 
equation. Therefore, the perpendicular 
bisectors are ooncurrent at (4,-l) ,^ 

cx = v1;4 - 0)^ + (-1 - 0)^ = /rt 

CY = 4/(4 - 8)- + (-1 - 0)^ - 1/17 

CZ = /(4 - 5)^ + (-1 - 3)^ = + iB - i/17 

Circle C = ((x,y): (x - 4)^ + (y + 1)^ = 17) 

= C(x,y): x^ + y^ - 8x + 2y = O] 
Median to W. is in C(te*y)^ y - 3x' - IS) 
XZ l£ 



(b) Median to 



, , f , 4 3x 24 , 

in { (x,y): y = " TT^ 



Median to YZ is In [(x,y)- y = 

(d) Median to W » ((x,y): xa5-k,y-3=-3k, 

0 < k,< 1] 



Median to XZ 



edlan to YZ 



{(x,y): X = 8 - , y = l^k , 

0 < k < 1} . 
{(x,y): X = , y 

0 < k < 1-3 ' 



gk , 



2 13 
k ^ ^ yields trlsectlon point l) in 

median to W , 

2 13 
k ^ ' J yields triseotion point ) i^i 

median to XZ , 

2 - " 13 - 

1^ ^ J yields trlsectlon point (^,1) in 

median to YZ , 



13. (a) Altitude to XY Is a subset of i(x,y)t x ^ 5] 

(b) The altitude tQ,, XZ Is a subset of the line 

C(i.y)t y -^(3c - 8)] ^ [(x,y)i,y . ^ + . 

The altitude to W Is a subset of the line " 
((xjy)i y ^ x] . , 

"^^^ - 

(e) The orthocenter Is (5>5)* The orthocenter is in 
^ the exterior of the triangl'e, ^ ^ 

(d). The problem is to show that (4,-l)...^ {^,1) 

and (5*5) are collinear. An' equation for 
the line containing (^>-l) and, (5j5) is 

y - 6x - 25* This equation is satisfied by 



3 



1 

f 

# 
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Chapter 12 \ / ' ' 

Review Problems 
Sectlonp 1^ through 5 

' . i """"" """"" 

(a) circle, 10 , (^,0) ' 

(b) A on the olrclej B Interlorj C exterior 
(o) L^n C = C'(x,y): + y? = 100 , x = -10] 

= iix.,y): y » 0 , X = -10] ^ * , 

= [(-10,0)) . i 
id) LgH C = t(x,y)i x^ + y2 = loo , y = 6) 

= '[(x,y)^x2 = 64 , y = 6] 

= [(8,6) , (-8.6)] . 
(e) LgPl C = [(x,y)i x^ + y^ = iqO , y = |x] 

= {(x,y). x2 + = 100 , y =|x)^ 

= C(x,y)^ «= 36 , y =?= ^x] 

= [(6,8) , (-6,-8)) . 

(%) S = C(x,y,z)- X- + y2 + = 100] 

(b) ' (1) (10,0,0) =, (-10,0,0) 
(S) (0,10,0) (0,^^-10,1) 
(3) (0,0,10) , (0,0,-10) 



(c) 




2 

X 


^y= = 


100 , 


z s 0] 


(d) 


( {K,y,z)i 


2 

X 


+ .2 ^ 


100 , 


y - 0) 


(e) 




2 

y 




100 , 


X ^ 0] 




A Is In 


s 


since 


3 + 





Is in the Interior of S since 

3^ + (-5)® + 7^ - 83 < 100 . 

is in the exterior 'of S since - \ 

9^ + 6^ it 1^ - 118 > 100 * ^ f 



3u 

7^3 ^ 



3. <x ^ 3)^^ + (y + 2)2 , 16 or 

' [(x,y,&):^x2 -^6x 4. 4y - 3 ^ 0 , z ^ 0] 

(b) (x ^ 2)2 + (y% 1)2 + (2 . 3)2 ^ 9 or ^ 

[(x,y,2^)^ x2 + y2 + 1 4^ 4. gj. ^ 62 + 5 ^ q) 

4, (a) If they are: . . ' ' ' 

(1) radii of the Same or cohgruent olrcles. 

(2) diaTnetera, of the . same or congruent ' circles . 

(3) In th^ same clr61e and are assdclat^ with 
congruent arcs. 

(4) tangent-segments from the same exterior ^ 
point . " 

(5) "* Chords in the same or congruent circles 

and equidistant from the center. 
(5) the parta Into which a diameter; perpen- 
dicular to a chord separates- the chord* 

(b) If it is: 

(1) inscribed In a semicircle. 

(2) determined by a radius and the tangent at 
its outer end. - 

(3) determined by a chord and the diameter 
which bisects it, ' ' 

(c) If they are: 

f 

(1) Inscribed in congruent arcs. 

(2) intercept congruent arcs . 

(3) the angles between two tangent -segments . 
from the same exterior point and th^^ line 
which contains that point and thy^center 
of the circle, > 

(4) centrftl angles associated with arcs which 
have the same degree measure. 

(d) If they are: 

(1) associated with congruent chords in 
congruent circles, 

(2) Intercepted by congruent inscribed angles 
in congruent circles ^ 

3 ••■5 



7. 
8. 



(3) 

- aisoclated jwlth congruent central angles* 

(4) both semlGlrcles* 

(5) the parts into which a diameter perpen^ 
dicular to *tha chord associated with an 
arc ipparates the arc, 

(a) The degree measure of the arc in which an angle 
is Inscribed is 36o minus the degree measure 
of the arc which it intercepts, ^ 

Consider £APB aS a cofitral 
angle, ^en m £APB ^ m AB by 
definition . Consider £APB as 
formed by chords AA f and BB* 
Intersecting at the centner P. 
Then m £aPB ^ i(m AB + m a"^F' ) • 
ait AB ^ m A*B« , Therefore 
m\£APB - m AB is a special Gase 
of ^he theorem referred to in 
the problem. 




(a) 
(b) 
(c) 
(d) 
(e) 



chord 

diameter (also chord) 



Secant 
radius 
tangent 

55 and 70 

m £km ^ 90 J 



(f ) minor arc 

(g) major arc 

(h) inscribed angle 
(l) central angle 



because it is inscribed ir^ a semicircle. 
Therefore^ m /AXY ^ 45 and m AY - 90 since /AXY 
is inscribed in AXY , Hence the measure of central 
angle £kCY is 90 making Sy X SI . 



(a) 
(b) 
(c) 
(d) 
.(e) 



True 

Trui 

False 

True 

False 



(f) 
(g) 

(h) 
(1) 
(J) 



l^e 

False 

True 

True 

True 



10, 



m 



£C ^ 65 i m /km ^ 65 i 



m 



- 65 . 



11, dY - AP and AX ^ AP , because tangent-s 



ipnents to 



a circle from an external poj,nt are congr|ient. 
Therefore* AY - AX , 

12. The figure shows a cross-section 
with X the depth to be found. 

.2 



25^ - 20" + (25 
225 -/(25 - x)^ 
15 ^ 25 - X 
X ^ 10 



The depth Is 
10 Inches, 














D >\ 












^^^^^^ 



13* By the Pythagorean Theorem^ 
AD ^ 9 * If r is the 
radius, then OD ^ r - 9 
and OC = r , Hence , 
in A DOC , 

^ (r ^ 9)^ + 12^ 
o o 0 . 

r^ - r^ - l8r + 8l + l4^ , 

r ^ 12,5 

The diameter of the wheel Is 25 inches long. 

l4. Consider the distance BX 
to any other point X on 
the circle, and the radius 
CX . ' ^ 

BC + AB ^ AC ^ CX , 
^ BG^ + SC > CX * Hence * 
BC + KC > BC + AB. an,d 

EQC > AB or AB < BX , 
Also BX < BC + CX > 
or M < BC + CD . 
Since BC + CD = W , 
BD > ffi . 
Thus AB <'BX < BD where 
Joining B to the circle'. 




BX is any other segiient 



7^6 



3 



Lat m HE * r . Then /PCH ^ 90 - r , 
m /mo ^ 180 - (90 - r) or 90 + r , Then 
m /nER ^ m £mc - 90 ^ (90 + r) - 90 r , 
Hence, m S ^ m /_NHR . 

(4000)^ - (100)- + (4000 - x)^ 









100 


4000=x 






Aooo 



[kooo « x)- - 15,990,000 . 
4000 - X ^ 3,998.75 , 

X ^ 1.25 , approx. 
The shaft will be about 1^ miles deep. ,. ^ 

(a) T is the exterior of the circle In the xz^plane 
with its center at (0,0) and with radius 2 

(b) '^ M is a circle In the xy^plane with its center 

at (2^ ^4) and with radius 7 , ^ 

(c) N Is the interior of a circle in the yz-plane 
with Its center at (0,0) and with its radius 
equal to 3 * 

(d) R is the Intersection of a sphere with its 
center at (0,0,0) and with its radius equal 
to 5 and a plane parallel to the xy-plane 
and intersecting the z^axls at (0^,0,5} . This 

* Is the circle R ^ [(x,y,2)^ x^ + y- ^ 16 , 

z - 3] which has its center at (0,0,3) , has 
a radius equal to 4 and lies in the plane. 
[(x,y,E)^ 2^3], 

(e) Two points, (1,0,0) and (-1,0,0) , 

(f) ttie intersection Is the empty set since D and 
F are two concentric spheres with radii 4 
and 2 respectively. 

(g) The intersection is [(x,y,2): + y^ ^ 9 , 
t^l = 4) , u is a cylinder with its axis the 
2-axis and with Its cross section a circle with 
center in the s--axls and radius 3 , U inter- 
sects T in two circles, one In the plane 
parallel to the xy-plane and 4 units above it, 
the other parallel to the xy^plane and 4 units 
below it s 



3 
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18/ (AP)-" - 1(8 + 1) ^ g , by Theorem I2-15. 

AP ^ FX = XY, * 3 , so ^ ^ 2 and XZ 
3 . AX ^ 2 ' 6 , by Theorem 12-16. 
AX ^ 4 . 

19- ^e angle meaBures can be , 
Jbetermlned as shown, 
,Hence, ^PAR and ^QCR . 
are equilateral triangles 
jEnd MftB is a parallelo- 
gram , 

PC ^ PR + RC * AR + Rft , 
But . AR - AP and 
m ^ PB / HenGe, 
PC ^ AP + PB . 



- 6 




20. Applying ^eorem 12^15, we have (AM) - m • MS and 
(m)^ ^ MR * MS . Hence, (A^ 
AM ^ MB . Similarly CN ^ ND 



)^ ^ (MB)^ and 



Chapter 12 
Review Problems 



J 



2ir 



2* (a) The area/ of a clrole Is the limit of the areas 
of the Inscribed (or clrcumscrr^ed) regular 
polygons as the number of sides of the polygons 
increases indefinitely, [The exact wording of 
^ the text may be used,] ' 
(b) The length of an arc AB^ of a circle 1& the 

limit AP^ + P^P^ + . . , + ^ 

number of chords Increases indefinitely. [The 
' exact wording of the text may be used,] 

3 . 'Between 1 and 2 ' - 

5 ' 

5, 2 

6, (a) 10 to 1 ; (b) 10 to 1. J (c) 100 to 1 

^ ^ . IOtt / Stt . 

7, 5 . ^ or ^ 



11 . 



d.2 _ TTd- 



g. The inscribed octagon has the greater apothem and 
the greater perimeter. The circumscribed square haE 
the greater perimeterj the apothems are equal, 

10. A ^ lap 



6o 

7f 



12. Area ^ kir sq, ln,i arc length ^ ^ Inches 

13, ' There are many acceptable prpofs. One is to 

consider the situation wherein the vertices of the 
inscribed triangle are the midpoints of the circum- 
scribed triangle ^ and prove the four smaller 
triangles congruent. 



31 0 

7'! 9 



14, 



m 



DA m 88 and m BC ^ 122 



15. 



17. 



m /EDO ^ 


m /pm 


^ 31 


m /cm - 


m /AMB 


^ m /ABC ^ 75 


m /DMA ^ 


m /CMB 


^ 105 


m /PDB ^ 


m /DOB 


- 88 ^ 


m /ACB ^ 


m /ACB 


^ m /DBA ^ kk 


m /CAB ^ 


m /CDB 


^ 6l \ 


in / — 


-m /joiJsi 




m /DEC ^ 


57 




m /DFA ^ 


'^8 




m /CAP ^ 


119 




m /CDP ^ 


149 




m /ACE ^ 


136 




Draw W 




Since^ PQ - 20 


then QE 


^ 12 ^ 


AB , 



and PE ^ 7 + 9 ^ l6 



16. (a) 



(a) 
(b) 
(c) 



(a) 



By Corollary 12-7-2, 

m /ADP ^ m /BCP and 

m /DAP ^ m /CBP . Henoe 



AAPD ^ -6BPC by 



A. A. 



Since similar triangles have correB ponding side^ 
proportional, AP - PC ^ PD * PB , . 

Yes, The slope of TO is -1 * 
l^e midpoint is (2,2) . 

y - X 9 
The origin la contained in y ^ x . T^is 
illustrates Corollary 12-4-3^ In the plane 
of a circle, the perpGndlcular bisector of a 
chord contains the center of the circle* 
The points with coordinates ( 2 , ^ ^) * 
and (-2^/?, -2 V^) J midpoint. 
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By hypothpsis^ p in the figure 
Is the center of the circle, and 
m /kW^ m ^DEP . 

Prove* TO = CD * C 

Consider TO ^ 
and PH OT . 
Then ^PGB and ^PHE 
are right triangles 
with m /GEP ^ m ^IffiP 
and EP ^ EP , ttier^;^ 
fore, ^PGE & APHE , 
making PQ ^ PH . Kierefore, 
AB S CD , because in the same 
circle or congruent circles, 
chords equidistant from the 
center are congruent. 
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0 
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8. 
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+ 
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0 
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0 


9. 
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0 
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35. 


0 


60* 
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0 
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0 
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0 


61, 


+ 
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12, 


0 
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0 
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0 


13. 
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38. 


+ 


63, 


0 


^ 88, 


0 


14. 


0 


39. 


+ 


64. 


+ 


89. 


--f 


.15* 




.40, 


0 


65* 


0 


90, 


0 


16/ 
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0 


66, 
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+ 
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0 


42, 


+ 


67. 




92. 


0 


18, 


+ 


43, 


0 
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93. 


0 


19* 


0 




0 


69. 


0 


94. 


+ 


20. 




45. 


0 , 


70* 


0 


95. 


0 


21. 


0 


46, 


+ 
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-{- 


96, 


+ 


22, 


4- 


47. 




72, 




97* 
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+ 


48. 


0 
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